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Abstract We prove existence of a ground state and resonances in the standard model of the
non-relativistic quantum electro-dynamics (QED). To this end we introduce a new canonical
transformation of QED Hamiltonians and use the spectral renormalization group technique
with a new choice of Banach spaces.
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1 Introduction

Problem and Outline of the Results Non-relativistic quantum electro-dynamics (QED) de-
scribes processes arising from interaction of the quantized electro-magnetic field with non-
relativistic matter, such as emission and absorption of radiation by atoms and molecules.
The mathematical framework of this theory is well established. It is given in terms of the
time-dependent Schrodinger equation,

oy =H"y,

where  is a differentiable path in the Hilbert space H = H, ® H, which is the tensor
product of the state spaces of the matter system and the quantized electromagnetic field, and
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H3M is the standard quantum Hamiltonian on H =, ® H f, given by'

n

L.
H;M=ij(lvxj +gA(x;))? + V(x) + Hy. (1.1
j=1
Here the superindex SM stands for ‘standard model’, m; and x;, j =1, ..., n, are the par-
ticle masses and positions, x = (x1, ..., x,), V(x) is the total potential affecting particles,’

g > Ois a coupling constant related to the particle charge, A(y) is the electromagnetic vector
potential and H is the photon Hamiltonian. To have a self-adjoint and bounded from below
quantum Hamiltonian we have to subject A(y) to an ulraviolet (UV) cut-off.> The notions
above and the remaining symbols are explained in detail below.

If we fix the particle potential V (x) (e.g. taking it to be the total Coulomb potential),
then the Hamiltonian (1.1) depends on two free parameters, the coupling constant g and the
ultraviolet cut-off, not displayed here. As was mentioned above, g is related to the particle
(electron) charges and the ultraviolet cut-off, to the particle (electron) renormalized mass
(see [6, 18, 33, 34, 46, 53, 54], and [59] for a recent review).

For a large class of potentials V (x), including Coulomb potentials, and under an ultra-
violet cut-off, the operator H gM is self-adjoint (see e.g. [13, 42]). The stability of the system
under consideration is equivalent to the statement of existence of the ground state of H, ;M ,
i.e. an eigenfunction with the smallest possible energy. The physical phenomenon of ra-
diation is expressed mathematically as emergence of resonances out of excited states of a
particle system due to coupling of this system to the quantum electro-magnetic field. We
define the resonances and discuss their properties below.

In this paper we prove existence of the ground state and resonance states of H gSM orig-
inating from the ground state and from excited states of the particle system. Our approach
provides also an effective way to compute the ground states and resonance states and their
eigenvalues. We do not impose any extra conditions on HgSM , except for smallness of the
coupling constant g and an ultraviolet cut-off in the interaction.

The standard model has been extensively studied in the last decade, see the book [59] and
reviews [3, 28, 38, 43, 44] and references therein for a partial list of contributions and refer-
ences and references [8, 9, 16, 17, 19, 20, 24, 35, 57] for some of more recent contributions.

The existence (and uniqueness) of the ground state was proven by compactness tech-
niques in [4, 13, 31, 39-41, 45, 52] and in a constructive way, in [7].* The existence of
the resonances was proven so far only for confined potentials (see [11, 12] and, for a book
exposition, [32]).

Our proof contains two new ingredients: a new canonical transformation of the Hamil-
tonian H ;M (which we call the generalized Pauli-Fierz transformation, Sect. 2) and new—
momentum anisotropic—Banach spaces for the spectral renormalization group (RG) which
allow us to control the RG flow for more singular coupling functions. (In the terminology of

IFor discussion of physics emerging out of this Hamiltonian see [21, 22]. To simplify the exposition we

omitted the interaction of the spin with magnetic field Z;’_ 1 % o -curlA(x ). It can be easily incorporated
= J

into our analysis.

2t could be helpful to think about the particles as electrons in an external field of static nuclei.

3For a given quantum model the UV cut-off is defined by an energy scale on which this model is applicable.
In our case, the relevant energy scale is the characteristic energies of the particle motion.

4Ana]yticity of the ground state eigenvalues in parameters was proven in [30].

SNote that the papers [13, 31, 39, 45, 52] include the interaction of the spin with magnetic field in the
Hamiltonian, while the present paper omits it.
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Ground State and Resonances in the Standard Model 901

the RG approach the perturbation in (1.1) is marginal (cf. critical nonlinearities in nonlinear
PDEs), which is notoriously hard to treat; see a discussion below.) A part of this paper which
deals with adapting and clarifying some points of the RG technique for the present situation
(see Appendix B) is rather technical but can be used in other problems of non-relativistic
QED.

Standard Model We now describe the standard model of non-relativistic QED. We use
the units in which the Planck constant divided by 27, the speed of light and the electron
mass are equal to 1(h =1, c =1 and m = 1). In these units the electron charge is equal

to —/a, where a = 4"—27“_ ~ % (the fine-structure constant) and the distance, time and
energy are measured in units of i/mc = 3.86 x 107!'em, A/mc* = 1.29 x 1072' s and
mc? =0.511 MeV, respectively (natural units).

We consider the matter system consisting of n charged particles interacting between
themselves and with external fields and with a quantized electromagnetic field. The Hamil-

tonian operator of the particle system alone is given by

1

H,:=— — A+ V(x), 1.2

, ; T B V00 (1.2)
where ij is the Laplacian in the variable x; and, recall, V (x) is the total potential of the
particle system. This operator acts on a Hilbert space of the particle system, denoted by H,
which is either L2(R*") or a subspace of this space determined by a symmetry group of the
particle system. We assume that V (x) is real and s.t. the operator H,, is self-adjoint on the

. n 1
domain of ) 7_, Tnijj.
The quantized electromagnetic field is described by the quantized vector potential

&’k
VI

written in the Coulomb gauge (divA(y) = 0). Here x is an ultraviolet cut-off: x (k) =
m in a neighborhood of £ = 0 and it vanishes sufficiently fast at infinity (we com-

ment of this below). The dynamics of the quantized electromagnetic field is given through
the quantum Hamiltonian

A(y) = / (@ a) + e a ®) x () (1.3)

Hy :/d3kw(k)a*(k) ~a(k), (1.4)

where w (k) = |k| is the dispersion law connecting the energy of the field quantum with its
wave vector k. Both, A(y) and H/, act on the Fock space H = F. Thus the Hilbert space
of the total system is H :=H, ® F.

Above, a*(k) and a(k) denote the creation and annihilation operators on F. The families
a*(k) and a(k) are operator-valued generalized, transverse vector fields:

a'ky== Y ek)af(k),

re{—1,1}

where e, (k) are polarization vectors, i.e. orthonormal vectors in R? satisfying k - e; (k) =0,
and af (k) are scalar creation and annihilation operators satisfying canonical commutation
relations. The right side of (1.4) can be understood as a weak integral. See Appendix C for
a brief review of definitions of the Fock space, the creation and annihilation operators and
the operator H.
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902 I.M. Sigal

The Hamiltonian of the total system, matter and radiation field, is given by (1.1). First,
we consider (1.1) for an atom or molecule. Then, in the natural units, g = +/a and V (x), the
total Coulomb potential of the particle system, is proportional to . Rescaling x — o~ 'x
and k — o’k we arrive at (1.1) with g := a3/, V(x) of the order O(1)® and A(x) replaced
by A’(x), where A’(x) = A(ax) |, 44" k)> and where x'(k) := x (*k) (see [10, 13]). After
that we drop the prime in the vector potential A’(x) and the ultraviolet cut-off x’(x) (see a
discussion of the latter below). Finally, we relax the restriction on V (x) by considering the

standard generalized n-body potentials (see e.g. [49]):

(V) V(x) =Y, Wi(mr;x), where 7; are a linear maps from R¥ to R™ ,m; <3n and W,
are Kato-Rellich potentials (i.e. W;(m;x) € LPi (R™) + (L®(R*)), with p; =2 for
m; <3, p; >2form; =4 and p; > m; /2 for m; > 4, see [47, 58]).

Under the assumption (V), the operator H ;M is self-adjoint. In order to tackle the reso-
nances we choose the ultraviolet cut-off, x (k), so that

The function 6 — x (e~?k) has an analytic continuation from the real axis, R, to the
strip {0 € C||Im@| < w/4} as a L? N L*(R?) function,

e.g. x(k) = e~ ¥’/ Furthermore, we assume that the potential, V (x), satisfies the condi-

tion:

(DA) The the particle potential V (x) is dilation analytic in the sense that the operator-
function 8 — V(e’x)(—A + 1)~! has an analytic continuation from the real axis, R,
to the strip {0 € C||Im 6| < 6y} for some 6y > 0.

In order not to deal with the problem of center-of-mass motion which is not essential
in the present context, we assume that either some of the particles (nuclei) are infinitely
heavy or the system is placed in a binding, external potential field. This means that the
operator H), has isolated eigenvalues below its essential spectrum. However, we expect that
the techniques developed in this paper can be extended to translationally invariant particle
systems (see [2, 23, 55]).

Ultra-Violet Cut-Off Finally, we comment on the ultra-violet cut-off x (k) introduced in
(1.3). This cut-off makes the model well-defined. Assuming x decays on the scale «, in
order to correctly describe the phenomena of interest, such as emission and absorption of
electromagnetic radiation, i.e. for optical and rf modes, we have to assume that the cut-off
energy, hck, is much greater than the characteristic energies of the particle motion. (We
reintroduced the Planck constant, %, and speed of light, ¢, for a moment.) The latter motion
takes place on the energy scale of the order of the ionization energy, i.e. of the order a’>mc?.
Thus we have to assume a’mc? < hck.

On the other hand, for energies higher than the rest energy of the electron (mc?) the rel-
ativistic effects, such as electron-positron pair creation, vacuum polarization and relativistic
recoil, take place. Thus it makes sense to assume that fick < mc?. Combining the last two
conditions we arrive at the restriction a’mc? <« hex < mc? or a’me/h < k < mec/h. In
our units this reads

o’ LKk L1,

SIn the case of a molecule in the Born-Oppenheimer approximation, the resulting V (x) also depends on the
rescaled coordinates of the nuclei.
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After the rescaling x — o~'x and k — «?k performed above the new cut-off momentum
scale, ¥’ = a2k, satisfies

1<K €a?,

which is easily accommodated by our estimates (e.g. we can have x = O (a~'/3)). Thus we
can assume for simplicity that x is fixed.

Resonances We define the resonances for the Hamiltonian H, ;M as follows. Consider the
dilations of particle positions and of photon momenta:

Xj— eexj and k — e %k,

where 6 is a real parameter. Such dilations are represented by the one-parameter group of
unitary operators, Uy, on the total Hilbert space H := H, ® F of the system (see Sect. 3).
Now, for 0 € R we define the deformation family

HY =X, HM X, (1.5)

where Xy := Uye™¢F with F, the self-adjoint operator defined in Sect. 2. The transforma-
tion H ;M — e itFH gSM e'¢F is a generalization of the well-known Pauli-Fierz transforma-
tion. Note that the operator-family Xy has the following two properties needed in order to
establish the desired properties of the resonances:

(a) X, are unitary for 6 € R;
(b) Xg,+9, = Uy, X4, where U, are unitary for 6 € R.

It is easy to show (see Sect. 3) that, due to Condition (DA), the family HgSeM has an
analytic continuation in 6 to the disc D(0, 6y), as a type A family in the sense of Kato
([50]). A standard argument shows that the real eigenvalues of HSSGM ,Im6 > 0, coincide
with eigenvalues of H gS M and that complex eigenvalues of H, gSeM ,Imé > 0, lie in the complex
half-plane C~. We show below that the complex eigenvalues of ngM ,Im@ > 0, are locally
independent of 6. We call such eigenvalues the resonances of H gSM .

It is clear from the definition that the notion of resonance extends that of eigenvalue
and under small perturbations embedded eigenvalues turn generally into resonances. Corre-
spondingly, the resonances share two ‘physical’ manifestations of eigenvalues, as poles of
the resolvent and frequencies of time-periodic and spatially localized solutions of the time-
dependent Schrédinger equation, but with a caveat. To explain the first property, we use the
Combes argument which goes as follows. By the unitarity of X, := Uye™¢F for real 6,

(W, (H" —2)7' @) = (W5, (Hp" —2)7' @), (1.6)

where Wy = Xy, etc., for € R and z € C*. Assume now that W, and ®, have analytic
continuations into a complex neighborhood of 8 = 0. Then the r.h.s. of (1.6) has an analytic
continuation in € into a complex neighborhood of & = 0. Since (1.6) holds for real @, it also
holds in the above neighborhood. Fix 6 on the r.h.s. of (1.6), with Imé > 0. The r.h.s. of
(1.6) can be analytically extended across the real axis into the part of the resolvent set of
H gS@M which lies in C— and which is connected to C*. This yields an analytic continuation
of the Lh.s. of (1.6). The real eigenvalues of HgSQM give real poles of the r.h.s. of (1.6) and
therefore they are the eigenvalues of H, gSM . The complex eigenvalues of H, gS(,M , which are at
the resonances of H, gS M yield complex poles of the r.h.s. of (1.6) and therefore they are poles
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904 I.M. Sigal

of the meromorphic continuation of the L.h.s. of (1.6) across the spectrum of H gSM onto the
second Riemann sheet. This pole structure is observed physically as bumps in the scattering
cross-section or poles in the scattering matrix. There are some subtleties involved which we
explain below.

The second manifestation of resonances alluded to above is as metastable states
(metastable attractors of system’s dynamics). Namely, one expects that the ground state
is asymptotically stable and the resonance states are (asymptotically) metastable, i.e. at-
tractive for very long time intervals. More specifically, let z,, Imz, < 0, be a ground state
or resonance eigenvalue. One expects that for an initial condition, v, localized in a small
energy interval around the ground state or resonance energy, Re z,, the solution, v, of the
time-dependent Schrodinger equation, id,¥ = H, ;M ¥, is of the form

e My = 7 B, + Opoe(t™) + Ores(87). (1.7)

for some «, B > 0 (depending on ). Here ¢, is either the ground state (if z, is the ground
state energy) or an excited state of the unperturbed system (if z, is a resonance eigenvalue);
the error term O\ (t %) satisfies ||(1+ |T]) ™" O (t7%)|| < Ct™, where T is the generator
of the group Uy, with an appropriate v > 0; and the error term O.(g”) is absent in the
ground state case. The reason for the latter is that, unlike bound states, there is no ‘canonical’
notion of the resonance state.

The asymptotic stability of the ground state is equivalent to the statement of local decay.
Its proof was completed recently in [25, 27] (see [13, 14] for complementary results). A
statement involving survival probabilities of excited states which is related to the metasta-
bility of the resonances is proven in [1] using the results of this paper (see [36] for related
results and [13, 51, 56] for partial results).

The dynamical picture of the resonance described above implies that the imaginary part
of the resonance eigenvalue, called the resonance width, can be interpreted as the decay rate
probability, and its reciprocal, as the life-time, of the resonance.

Main Results Let " < €!”’ < ... be the isolated eigenvalues of the particle Hamiltonian

H,. In what follows we fix an energy v € (¢

old info,,,(H,) and denote i), = egh,(v) := min{le;” — €[”’| | i # j.e[”, €” < v} and

i
)

,info,(H,)) below the ionization thresh-
j (V) := max{j 26;,7 <v}.
We now state the main results of this paper.

Theorem 1.1 Assume Condition (V). Fix e

Vel (v)tan(6y/2)). Then

(i) Each eigenvalue, e;p ), of H ;i’{), which is less than v, turns into resonance and/or bound

< v < info.(Hy) and let g <K min(e(éz;,(v),

state eigenvalues, €; i, of HgSM, g#0;

(ii) Vj, €jx = ej(.p) + 0(g?) and the total multiplicity of €;xVk equals the multiplicity of
6j(_p);
(iii) HgSM has a ground state, originating from a ground state of H;ﬁ’(’);

(iv) €;«’s are independent of 6,0 <Im6 > 6.

The statements concerning the excited states are proven under additional Condition
(DA).
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Ground State and Resonances in the Standard Model 905

By statement (ii), we have ) := info (H}™). Let

1
Sixi= {z eC ‘ 3 Re(e’(z —€j4)) > | Im(ef (z — e_,,k))|}. (1.8)

Information about meromorphic continuation of the matrix elements of the resolvent and its
behavior near the resonances is given in the next theorem.

Theorem 1.2 Assume g < € éﬁ;(u) and Conditions (V) and (DA). Then for a dense set (de-
fined in (1.9) below) of vectors W and ®, the matrix elements F(z, ¥V, ®) := (Y, (H;M —
2)~' ®) of the resolvent of HgSM have meromorphic continuations from C* across the inter-
val (€g, v) of the essential spectrum of H[fM into the domain {z € C~ | €y < Rez < v}, with
the wedges S;j,0 < j < j(v), deleted. Furthermore, this continuation has poles at €; in
the sense that limzﬁej_k (ejx — D F(z, ¥, ®) is finite and, for a finite-dimensional subspace
of W’s and ®’s, nonzero.

Discussion

(1) Condition (DA) could be weakened considerably so that it is satisfied by the potential
of a molecule with fixed nuclei (cf. [49]).

(i) Generically, excited states turn into the resonances, not bound states. A condition which
guarantees that this happens is the Fermi Golden Rule (FGR) (see [13]). It expresses the
fact that the coupling of unperturbed embedded eigenvalues of Hy™ to the continuous
spectrum is effective in the second order of the perturbation theory. It is generically
satisfied.

(iii) With a little more work one can establish an explicit restriction on the coupling con-
stant g in terms of the particle energy difference eéﬁ}, (v) and appropriate norms of the
coupling functions.

(iv) The second theorem implies the absolute continuity of the spectrum and its proof gives
also the limiting absorption principle in the interval (e, v), but these results have al-
ready been proven by the spectral deformation and commutator techniques [13, 14,
25].

(v) The meromorphic continuation in question is constructed in terms of matrix elements
of the resolvent of a complex deformation, H;’,V ,Im6 > 0, of the Hamiltonian H;M .

(vi) The proof of Theorem 1.1 gives fast convergent expressions in the coupling constant g
for the ground state energy and resonances.

The main new result of this work is the existence of resonances and an algorithm for their
computation.
The dense set mentioned in the Theorem 1.2 is defined as

D:= [ Ran(xveuxiriza)- (1.9)

n>0,a>0

Here N = f d’ka*(k)a(k) is the photon number operator and, recall, T denotes the self-
adjoint generator of the one-parameter group Uy, 6 € R (see Sect. 3). Since N and T com-
mute, this set is dense. We claim that for any v € D, the family Uye~¢F ™)+ has an analytic
continuation from R to the complex disc D(0, 6y). Indeed, by the construction in the next
section, the family Fy(x) := Us F(x)U, ! has an analytic continuation from R to the com-
plex disc D(0, 6y). For 8 complex this continuation is a family of non-self-adjoint operators.
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906 I.M. Sigal

However, the exponential e~'¢7™) is well defined on the dense domain |
Since

RanXNSm

n<oo

Uge'# "y = €850y U xir1<a ¥

for some 1 and a, s.t. Xy<uXT|<a¥ = ¥, the family Upe ™8™y has an analytic continua-
tion in 6 from R to D (0, 6y).

Infrared Problem As is shown in Theorem 1.1 and is understood in Physics on the basis
of formal—but rather non-trivial—perturbation theory, the resonances arise from the eigen-
values of the non-interacting Hamiltonian H; ™. To find the spectrum of H;™ one verifies
that H; defines a positive, self-adjoint operator on F with purely absolutely continuous
spectrum, except for a simple eigenvalue O corresponding to the vacuum eigenvector €2 (see

Appendix C). Thus, for g = 0 the low energy spectrum of the operator HS™ consists of
(p)>

i

branches [6,-(” ), 00) of absolutely continuous spectrum and of the eigenvalues €
at the continuous spectrum ‘thresholds’ ei(p )°s. The absence of gaps between the eigenvalues
and thresholds is a consequence of the fact that the photons are massless. This leads to hard
problems in perturbation theory, known collectively as the infrared problem.

This situation is quite different from the one in Quantum Mechanics (e.g. Stark effect
or tunneling decay) where the resonances are isolated eigenvalues of complexly deformed
Hamiltonians. This makes the proof of their existence and establishing their properties, e.g.
independence of 6 (and, in fact, of the transformation group Xy), relatively easy. In the non-
relativistic QED (and other massless theories), giving meaning of the resonance poles and
proving independence of their location of € is a rather involved matter. We illustrate it on
the proof of the statement (1.7). To this end we use the formula

s, sitting

o0
e M f(H) = l/ dif (Ve M Im(H — A —i0)™!

T J-co
(see e.g. [58]) connecting the propagator and the resolvent. For the ground state, the absolute
continuity of the spectrum outside the ground state energy, or a stronger property of the
limiting absorption principle, suffices to establish the result in question. In the resonance
case, one observes the fact that the meromorphic continuation of matrix elements of the
resolvent (on an appropriate dense set of vectors) to the second Riemann sheet has poles
at resonances and one performs a suitable deformation of the contour of integration in the
formula above to pick up the contribution of these poles (see e.g. [48]). This works when the
resonances are isolated (see [48, 49]). In the present case, proving (1.7) is a subtle problem.

Resonance Poles Can we make sense of the resonance poles in the present context? The
answer to this question is obtained in [1], where it is shown, assuming the results of this
paper, that for each W and @ from a dense set of vectors, the meromorphic continuation,
F(z, ¥, ®), of the matrix element (W, (HgSM —z)~' @), described above, is of the following
form:

F(z, W, @)= (6,1 —2) ' p(¥, D) +r(z, ¥, ), (1.10)

near the resonance €; of H gSM . Here p and r(z) are sesquilinear forms in ¥ and ® with r(z),
analyticinze Q:={ze€C |¢ <Rez<v}/UJ S «x and bounded on the intersection
of a neighborhood of €; ; with Q as

J=i).k

Ir(z, ¥, ®)| < Cy,plejx —z|7” for some y < 1.
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Moreover, p # 0 at least for one pair of vectors ¥ and ® and p = 0 for a dense set of vectors
W and @ in a finite co-dimension subspace. The multiplicity of a resonance is the rank of the
residue at the pole. The next important problem is to connect the ground state and resonance
eigenvalues to poles of the scattering matrix.

Approach  To prove Theorems 1.1 and 1.2 we apply the spectral renormalization group
(RG) method ([5, 11, 12, 26, 30]) to the Hamiltonians H;eﬂio = e‘igFH;MeigF (the ground
state case) and H. ;,M ,Im6& > 0, (the resonance case). Note that the version of RG needed in
this work uses new—anisotropic—Banach spaces of operators, on which the renormaliza-
tion group acts. It is developed in [26]. Using the RG technique we describe the spectrum of
the operator H, gS@M in {z € C™|¢y < Rez < v} from which we derive Theorems 1.1 and 1.2.

In the terminology of the Renormalization Group approach the perturbation in (1.1) is
marginal (similar to critical nonlinearities in nonlinear PDEs). This leads to the presence of
the second zero eigenvalue in the spectrum of the linearized RG flow (note that there is no
spectral gap in the linearized RG flow). This case is notoriously hard to treat as one has to
understand the dynamics on the implicitly defined central manifold. The previous works [11,
12] remove it by either assuming the non-physical infrared behavior of the vector potential
by replacing |k|~'/2 in the vector potential (1.3) by |k|~/>**, with & > 0, or by assuming
presence of a strong confining external potential so that V (x) > ¢|x|? for x large. Our work
shows that in non-relativistic QED one can overcome this problem by suitable canonical
transformation and choice of the Banach space.

Our approach is also applicable to Nelson’s model describing interaction of particles with
massless lattice excitations (phonons) described by a quantized, massless, Boson field (see
Appendix D), and Theorems 1.1 and 1.2 are still valid if replace there the operator HgSM
by the Hamiltonian H;’ for this model. (In this case we recover earlier results.) In fact, we
consider a class of generalized particle-field operators (introduced in Sect. 4) which contains
both, operators HgP Fand H;’ .

Organization of the Paper In Sect. 2 we introduce the generalized Pauli-Fierz transforma-
tion (HJM — e~ 8" H3Me'$" = H/'T ) and in Sect. 3, the complex deformation of quantum
Hamiltonians. In Sect. 4 we introduce a class of generalized particle-field Hamiltonians and
show that the Hamiltonian H”F obtained in Sect. 2 and the Hamiltonian HY as well as
their dilation deformations belong to this class. In the rest of the paper we study the Hamil-
tonians from the class introduced and derive Theorems 1.1 and 1.2 from the results about
these Hamiltonians. In Sect. 5 we introduce an isospectral Feshbach-Schur map and use
it to map the generalized particle-field Hamiltonians into Hamiltonians acting only on the
field Hilbert space—Fock space (elimination of particle and high photon energy degrees of
freedom). The image of this map is shown in Sect. 7 to belong to a certain neighborhood in
the Banach spaces introduced in Sect. 6. The latter spaces are an anisotropic—in the mo-
mentum representation—modification of the Banach spaces used in [5, 11, 12]. In Sect. 8
we use the results of [26] on the spectral renormalization group (cf. [5, 11, 12]) to describe
the spectrum of generalized particle-field Hamiltonians. Finally, in Sect. 9 we prove The-
orems 1.1 and 1.2. In Appendix A we recall some properties of the Feshbach-Schur map
and in Appendix B we prove the main result of Sect. 6. The results of both appendices
are close to certain results from [5, 26, 30], but there are a few important differences. The
main ones are that we have to deal with unbounded interactions and, more importantly, with
momentum-anisotropic spaces. Some basic facts about Fock spaces and creation and an-
nihilation operators on them are collected in Appendix C and in Appendix D we describe
the Nelson Hamiltonians and their dilation deformations. In order to simplify the notation

@ Springer



908 I.M. Sigal

and exposition below we assume that the particle eigenvalues, 6( P we deal with, are non-

degenerate and consequently the subindex k can be omitted in € and S« which from now
on are written as €; and S;. In order to treat with degenerate eigenvalues we would have to
deal with matrix-valued operators on the Fock space.

2 Generalized Pauli-Fierz Transformation

In order to simplify notation from now on we assume that the number of particlesis 1,n = 1.
We also set the particle mass to 1, m = 1. The generalizations to an arbitrary number of
particles is straightforward. We define the generalized Pauli-Fierz transformation mentioned
in the introduction:

HgPF — e—igF(x)H;MeigF(x), 2.1

where F(x) introduced below. We call the resulting Hamiltonian the generalized Pauli-Fierz
Hamiltonian. Now, F(x) is the self-adjoint operator on the state space H given by

PE
F(x) = Z/(ka(k)ak(k) + ka(k)a)h(k))m 2.2)
with the coupling function f; ; (k) chosen as
. —zkx X( ) 2
fea(k) = «/W(mk' ex(k) - x). 23)

The function ¢ is assumed to be C2, bounded, with bounded second derivative, and satisfy-
ing ¢’(0) = 1. We assume also that ¢ has a bounded analytic continuation into the wedge
{z € C|| arg(z)| < 6p}. We compute

HPF (p gA (X)) + Vo (x) + Hf + gG(x) 2.4)

where Aj(x) = A(x) — VF(x), Vo(x) := V(x) +2¢> >, [ k|l fe1(k)|*d’k and
PE

2.5
Nk 2

Gx):= —IZ/IkI(f“(k)a/\(k) Jra(k)ag (k) ——

(The terms ¢G and V, — V come from the commutator expansion e '8/ H ;e/sF™) =
—iglF, Hy] — g*F,[F, H¢]].) Observe that the operator-family A;(x) is of the form

A=) / (0 () + e a2 () o0 () (2.6)
a N
where the coupling function yx; (k) is defined as follows
Xx (k) = e, (k)™ x (k) = Vy fr (k).
It satisfies the estimates
| X3.x (k)| < constmin(l, \/W()Q), 2.7)
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Ground State and Resonances in the Standard Model 909

with (x) := (1 4 |x|*)'/?, and

d*k
/ mb()»,x(kﬂz < 00. (2.8)

The fact that the operators A; and G have better infra-red behavior than the original vector
potential A, is used in proving, with a help of a renormalization group, the existence of the
ground state and resonances for the Hamiltonian H, gSM .

We note that for the standard Pauli-Fierz transformation, the function f, (k) is chosen
to be x(k)e; (k) - x, which results in the operator G (which in this case is proportional to
(the electric field at x = 0) - x) growing as x.

‘We mention for further references that the operator (2.4) can be written as

HIF =HS" + 1", (2.9)

where HY'" = Hy+2¢° Y, [ k|l fon () Pd*k + 82 Y, [ WoOL ik with Hy = H, + H;

and 1" is defined by this relation. Note that the operator I, contains linear and quadratic
terms in the creation and annihilation operators and that the operator HJ'” is of the form

HJF = HPF+Hf where

H'T = H, +2g22/|k||fu(k)|2d k+ ZZ/ 'X*lgj)' 3k (2.10)

with H, givenin (1.2).
Since the operator F(x) in (2.1) is self-adjoint, the operators H;" and H" have the
same eigenvalues with closely related eigenfunctions and the same essential spectra.

3 Complex Deformation and Resonances

In this section we define complex transformation of the Hamiltonian under consideration
which underpins the proof of the resonance part of Theorem 1.1 and the proof of Theo-
rem 1.2. Let uy be the dilatation transformation on the one-photon space, i.e., ug: f (k) —
e 32 f(e~"k). Define the dilatation transformation, U e, on the Fock space, H; = F, by
second quantizing ug: Uy :=€'7% where T := [ a*(k)ta(k)dk and ¢ is the generator of the
group uy (see Appendices C and D for the careful definition of the above integral). This
gives, in particular,

Usea*(f)Us) =a*(up f). 3.1

Denote by U the standard dilation group on the particle space: U,g : ¥ (x) — egew(eex)
(remember that we assumed that the number of particles is 1). We define the dilation trans-
formation on the total space H =H, ® H by

Up=Up Q Uygy. (3.2)
For 6 € R the above operators are unitary and map the domains of the operators below
into themselves. Consequently, we can define the family of Hamiltonians originating from

the Hamiltonian H:M as

Hy = Uye SO HIM POy, (3.3)
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910 I.M. Sigal

Under Condition (DA), there is a Type-A ([47, 50, 58]) family H, gSeM of operators analytic in
the domain |Im6| < 6y, which is equal to (3.3) for § € R and s.t. H3}"* = HgSgM and

HyM = URegHgSl/}fmgU,;e‘a. (3.4)

ndeed, using the decomposition = + Hy + see (2.9)—(2.10)), we write for
Indeed, using the decomposition H”" = HP¥ + H; + IF" (see (2.9)~(2.10)) ite f
feR
Hy'=Hy' @1, +¢°1, @ Hp + 13, 3.5)
where H3)' :=Upg HP"U ! and I3} := Up 17U, " It is not hard to compute that H3)" =
201 0
—e 5 A+ Vy(e’x), where

2
V,(x) := V(x)+2g22/|k||fx,x(k)|2d3k+g22/. %d% (3.6)
A A

with V given in (1.2). Furthermore, using (3.1) and the definitions of the interaction I; L

we see that /3 is obtained from 1" by the replacement a* (k) — e~ % a*(k) and, in the
coupling functions only,

k— e ’kandx — €x. 3.7

By Condition (DA), the family (3.5) is well defined for all 8 satisfying |Im6| < 6, and has
all the properties mentioned after (3.3). Hence, for these 6, it gives the required analytic
continuation of (3.3). We call HﬁeM with Im@ > 0 the complex deformation of H;M .
Recall that we define the resonances of H;" as the complex eigenvalues of Hg," with
Im6 > 0. Thus to find resonances (and eigenvalues) of H, &;?M we have to locate complex (and
real) eigenvalues of HgSQM for some 6 with Im6 > 0.
In Sects. 5-8 we prove the following result

Theorem 3.1 Assume Conditions (V) and (DA) holds. Fix e(()p ) < v <inf Oess(H)) and let

gk eéﬁ?,(v). Then the operators HgSgM, with Im@ > 0, have eigenvalues’ €, ] <j), st

€= ej(.p )+ 0(g?) and € ;j are independent of 0. The essential spectrum of H ;QM ,Im6 > 0,
is a subset of the set Ujsj(v) S;, where the sets S; are given in (1.8).
Theorem 3.1, together with the discussion in paragraphs containing (1.9)—(1.6) implies The-
orems 1.1 and 1.2 (for the ground state part of Theorem 1.1 it contains unnecessary Condi-
tion (DA)).

Furthermore, one can show that the eigenvalues €;, j < j(v), have the following proper-
ties

(i) If the FGR condition is satisfied, then Ime; = —g?y; + O(g*), where y; are given by
the Fermi Golden Rule formula;

(ii) €; can be computed explicitly in terms of fast convergent expressions in the coupling
constant g.

7Remember that we assume that the particle eigenvalues are non-degenerate and consequently the second
subindex k in € ; and S; ¢ drops out.
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4 Generalized Particle-Field Hamiltonians

It is convenient to consider a more general class of Hamiltonians which contains, in partic-
ular, both, the generalized Pauli-Fierz and Nelson Hamiltonians and their complex dilation
transformations. (Recall that the Nelson Hamiltonian is defined in Appendix D.) We con-
sider Hamiltonians of the form

H, = Ho, + 1, (4.1)

where g > 0 is a coupling constant, Hy, := Hp,, + Hy, with H,, := —k A + V,(x),k €
C,k#0,and I, :=¢g 215m+n52 Win.n. We assume that V, (x) is A-bounded with the relative
bound less than |«|/2, more precisely, that it obeys the bound

Ve ¢||<U||Aw||+uw|| 4.2)

uniformly in g < 1, where we set the constant in front of the second term on the r.h.s. to 1.
This constant plays no role in our analysis. Moreover, we assume that the operators W, ,
are of the form

m+n m m-+n
*kDWmnlkis .oy kpan ki), 4.3
/];3(m+n)1_[<|k |1/2>1_[ tr)tom, [ 1 +]Ha( ) @)
where w,, ,[k], k := (ki, ..., ky+n), the coupling functions, are operator-functions from
R3™*+" to bounded operators on the particle space H, obeying
Sup [ Wi || < 00, (4.4)

g=1

for some p > 0 and &y > O (the latter parameter is not displayed, see the next equation; also
note that w,, , might depend on the coupling constant g). Here the norm ||w;, , ”/(?) is defined
by

6—6()() W [k]eﬁ(x) <p>—(2—m—n)
[min((x)m+ [T (1k;1172), D]

“wmn”( )= = Sup  Sup
|8]<8¢ keR3(m+n)

4.5)

part

Here || - || pars is the operator norm on the particle Hilbert space #,. We observe that for g
sufficiently small

D(H,) = D(Hy) C D(I,).

We denote by G H,, the class of (generalized particle-field) Hamiltonians satisfying the
restrictions (4.1)—(4.5). We also denote by GH l’f’" the class of operators of the form (4.3)—
4.5).

Clearly, both, the generalized Pauli-Fierz and Nelson, Hamiltonians belong to G H,, with
w = 1/2 for the generalized Pauli-Fierz Hamiltonian and p > 0 for the Nelson Hamiltonian
and with k = 1/2. Indeed, for the Nelson model, (D.1)—~(D.5), V, =V obeys (4.2) and w,, ,
are 0 for m + n = 2 and multiplication operators by the bounded functions « (k)e~*** and
Kk (k)e'™™ for m 4+ n = 1. For the QED case (the generalized Pauli-Fierz Hamiltonian, (2.4))
V, is given by (3.6) and I, :=p - A (x) + %g : A1 (x)? : +G(x), where the operator G (x)
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912 I.M. Sigal

is defined in (2.5).% From these expressions we see that V, satisfies (4.2) and w,, , obey the
conditions formulated above.

Dilation deformed generalized Pauli-Fierz and Nelson Hamiltonian also fit this frame-
work. Let HJ" be a complex deformation of the QED Hamiltonian H;", i.e. the dila-
tion transformation of the generalized Pauli-Fierz Hamiltonian H;J F. Then the operator
H, := e’ H3)" satisfies the restrictions imposed above with i = 1/2 and k = e~ R? /2. For
the Nelson model we have and u > 0.

5 Elimination of Particle and High-Photon Energy Degrees of Freedom

In this section we consider the operator families H, — A, where the operator H, = H, +
I, € GH, (see Sect. 4), and map them into families of operators acting on the Fock space
only (elimination of the particle degrees of freedom). We will study properties of the latter
operators in Sects. 7 and 8 after we introduce appropriate Banach spaces in Sect. 6.

Fix j > 0 and consider an eigenvalue A; € 0,(H,,) and define

8; :=dist(h}, (o (Hpe) /{2 1) + [0, 00)). (5.1)

We assume inf,-(8; > 0° and we define the set
1 1
0, ={reC|ReG.= 1) = 38 and [Im(: = 2)| < 33, . (5.2)

Let P,; be the orthogonal projection onto the eigenspace of H,,, corresponding to A ; and,
asusual, P,; =1— P,;. We define H;Zg i=e YHpze’ and ng i=e Y Pyje? with ¢ = §(x).
We use the following parameter to measure the size of the resolvent of H [fg:

P :=max( sup sup ||(H?

—159 —1
; ) b =076, (5.3)
0<5<8 A€Q;

for § > 0 sufficiently small. Note that if the operator H,, is normal, as in the case of the
problem of the ground state, where H,, is self-adjoint, then «; can be easily estimated for
8o sufficiently small. If the operator H,,, is not normal, then getting an explicit upper bound
on its resolvent requires some work. This will be done in the proof of Theorem 3.1 given in
Sect. 9.

Our goal now is to define the renormalization map on the class generalized particle-field
Hamiltonians G H,,. This map is a composition of three maps which we introduce now. First
of these is the smooth Feshbach-Schur map (SFM),'° or decimation, map, F,, which is

8Here the symbol : W : stands for the standard Wick ordering of an operator W on our Fock space, i.e. in the
expression for W in terms of the creation and annihilation operators, the creation operators are moved to the
left and the annihilation ones, to the right.

o1f infg>(8; =0 as it happens in the case when A ;|g—( are degenerate, then in (5.1) we have to group the
eigenvalues into clusters with the pairwise distances of order O(1).

101 [5, 11, 12] this map is called the Feshbach map. As was pointed out to us by F. Klopp and B. Simon, the
invertibility procedure at the heart of this map was introduced by I. Schur in 1917; it appeared implicitly in an
independent work of H. Feshbach on the theory of nuclear reactions, in 1958, see [29] for further extensions
and historical remarks.
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defined as follows. We introduce a pair of almost projections
w=mn;=nlHl:= Py ® Xu,<p 54

and 7 = 7[H ] which form a partition of unity 72 + 7% = 1. Note that 7 and T commute
with Hog introduced in Sect. 4. Next, for H, = Hy, + I, € GH,,, we define

H; = Hy, +7l,m. (5.5)
Finally, on the operators H, — A s.t. H, = Hy, + I, € GH, and
H; — X is (bounded) invertible on Ran 7, (5.6)
we define smooth Feshbach-Schur map, F, as
Fu(Hy — ) := Hog — A+l — w7 (Hy — )" ' 7,7, (5.7

Observe that the last two operators on the r.h.s. are bounded since, for any operator I, as
described in Sect. 4,

I, and 7 I, extend to bounded operators on H.

Properties of the smooth Feshbach-Schur maps, used in this paper, are described in Appen-
dix A. For more details see [5, 29].

Next, we introduce the scaling transformation S, : B[H] — B[H], which acts on the
particle component of H :=H, ® H s by identity and on the field one, by

S, :=1, S, k) :=p ""a"(p™"k), (5.8)
where a* (k) is either a(k) or a* (k) and k € R3.
Now, on Hamiltonians acting on H := H, ® H which are in the domain of the decima-
tion map F, we define the renormalization map R ,; as
Ryj=p 'S, o0 Fy, (5.9
where recall 7 = ;. The parameter p here is the same as the one in (5.4). It gives a photon
energy scale and it is restricted below.

To simplify the notation we assume that the eigenvalue A; of the operator H,, is simple
(otherwise we would have to deal with matrix-valued operators on H ;). We have

Theorem 5.1 Let H, be a Hamiltonian of the class G H, defined in Sect. 4 with 1 > 0. We
assume that infy=o8; > 0. Then for g K p <«j, p>8;/2and r € Q;

H, — 1 € D(R,)). (5.10)

Furthermore, R,j(H, — 1) = Pp; ® H,j + (Hog — k)(ﬁpj ® 1) where the family of operators
H,j, acting on F, is s.t. H,j — Hy is bounded and analytic in . € Q;.

A proof of Theorem 5.1 is similar to that of related results of [11-13]. We begin with
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Proposition 5.2 Let g K p <kj,p >6;/2 and A € Q;. Then the operators Hyz — A are
invertible on RanT and we have the estimate

17 (Hz — )77 <4p~". (.11

Proof First we show that for A € Q; the operator Hy, — A is invertible on Ran7 and the
following estimate holds for n =0, 1

I(lpl*+ Hy +1)"Ro() < Cp™! (5.12)

where Ry(A) := (Hop, — A)~'7. If the operator H pe 18 self-adjoint then the estimates above
are straightforward. In the non-self-adjoint case we proceed as follows.

Write 7 = P); ®XHpzp+ P,,j ®1, where, asusual, P,; =1— P,;. OnRan(P); ®XHpr)
we have that Hy, = A; + H and therefore, for A € Q;,

1 1
Hence the operator Hy, — A is invertible on Ran(P); ® xu,>,) for L € Q; and
1(Hog — 27 (Pp; ® Xy <307 (5.13)

Next, o (Hog| gan7 ;1) = 9 (Hpgl ranp,;) + 0 (Hp) = (0 (Hpe) /{4;}) +RT. Now, by the
definition of Q; we have inf-odist(A; —s, Q;) < §;/2. This and the definition of §; give

dist(0 (Hog|gunp 1> Q1) = 81/2. (5.14)

Therefore, for A € Q;, the operator Ho, — A is invertible on Ran (P pi ®1). Since the operator
(Hog — 27! (Pp,; ®1) is analytic in a neighborhood of Q; we have that SUPscg; | (Hog —
MNP, @D < oo
We claim that
sup [|(Hog —2) "' (P @ D <« (5.15)

)LEQ/'
where «; is defined in (5.3). Indeed, since the operator H is self-adjoint with the known

spectrum, [0, c0), and since Q; = Q; — [0, 00), we can write, using the spectral theory,

Lh.s. of (5.15) = sup [[(Hpe —A) "' P 1. (5.16)

reQ;

Now, our claim follows from the definition (5.3) of «;.
Since p < «;, the inequalities (5.13) and (5.15) imply

Ry <4p~" (5.17)

which implies (5.12) with n =0 and C =4.

The estimate (5.17) and the relation Hy, Ry(A) = Ranw + ARy(1) imply the inequality
| Hog RoO) 1| < 2+ 41eS”|/ p. Finally, since by (4.2), [[1p[2¥ || < 21| Hogt || +2[1% ||, we have
(5.12) withn = 1.

The inequality (5.12) implies the estimates

|[(pY> " (Hy + 1)"*(Hog — M) "7 || < Cp ™", (5.18)
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forn=1,2.
Now, we claim that

| 1,(Hog —0)™'7 || < Cgp™". (5.19)

Indeed, let f (k) be an operator-valued function on . Then we have the following standard

estimates
IFEP: 5 \?
||a(f)w||§</ ! i lp d3) | H | (5.20)

(cf. (6.10) withm +n =1) and

la* (v = / 1Lf GOk [0+ (v (5.21)

Equation (5.19) follows from the estimates (5.18), (5.20) and (5.21), the pull-through for-
mula

a(k) f[Hy]= f[Hy + |klla(k), (5.22)

and from the conditions on the operator I, imposed in Sect. 4. For instance, for the term
Wo.1 we have

IWiow| < /|k ERCIERCHE s W

k ! 3
- (/ lwi,0(k)(p)~ IIW,d k) “ PWH
k<1 k|

k) {p)~! :
+</ 10 ® ) o k) |1 v
o k]

< lwioll [ (p)(Hf + D'y (5.23)

for any ;1 > —1/2. This together with (5.12) implies | Wy 0(Ho, —2) ™' || < Cllwi ol p~".
Now, the term W, is estimated as follows:

&k &® ks
NN

w2 ki, k2) 112, " ) "
10208 P2 W part. 43 Yk
/’<151(/1<2|51 |ko | “ a( )W} m

[ Wov| < [ / lwoa k. kn)atk ko) | Lk
k1<t Jlkal<

IA

llwoa (ki k2)l15re
< d3k2) (Hf + ki) atk)yr
Ik | ( lka|<1 |k Iy ! ! H«/lk
lwo2 (ki k2)I%,, a3k
-1 both ko ) o) P
k| k< k2| k1]
1
wo 2 (k1, k)5, 2
- </ /‘ llwo,2 (kg 2)”1‘”d3kd kz) HH_N//H
k<1 J i< [ki]1ks]
< llwoll | Hrv|| (5.24)
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forany pu > —1.
Equation (5.19) implies that the series

> (Hog = 1) (TIRo(3))" (5.25)
n=0

converges absolutely on the invariant subspace Ran7, and is equal to (Hyz —2)71, provided
g < p. Estimating this series using (5.19) gives the desired estimate (5.11). |

Proof of Theorem 5.1 The last proposition together with the fact that the operators 7 I, and
I, are bounded yields (5.6). The second part of the theorem follows from the definition of
the Feshbach-Schur map, (5.7), the proposition and the Neumann series argument. ]

Note that K :=R,;(H, — 1) |Ran(f’p‘,-®1): (Hog — ) |Ran(15p‘,-®1) and therefore o (K) =
o (Hpg)/{A;}+10,00) — A. Hence for any A € Q; we have

1
min(lpe = 2| 1 € (0 (Hp) /) +10,00)) 28, = A =3 = 38, (526)

Therefore 0 ¢ o (K). This, the relation o (R ,; (H; — A)) = o (H,;) Uo (K) and Theorem A.1
of Appendix A imply

Corollary 5.3 Let A € Q;. Then A € 0(H,) if and only if 0 € o (H,;). Similar statement
holds also for point and essential spectra.

This corollary shows that to describe the spectrum of the operator H, in the domain Q; it
suffices to describe the spectrum of the operators H,; which act on the smaller space F. In
the next section we introduce a convenient Banach space which contains the operators H,;
ford e Q;.

Furthermore to prove bounds on resolvent in terms of bounds on H;jl one uses the rela-
tion

Rpj(Hy —2) ™" = H;'(Py; @ 1) + (Hog — 1) (Py; @ 1). (5.27)

6 A Banach Space of Hamiltonians

We construct a Banach space of Hamiltonians on which the renormalization transformation
will be defined. In order not to complicate notation unnecessarily we will think about the
creation- and annihilation operators used below as scalar operators, neglecting the helic-
ity of photons. We explain at the end of Appendix C how to reinterpret the corresponding
expression for the photon creation- and annihilation operators.

Let B} denote the Cartesian product of r unit balls in R3,1:=[0, 1] and m, n > 0. Given
functions wy, , : I X B;"*" — C,m + n > 0, we consider monomials, W,, , = W, ,[w,..],
in the creation and annihilation operators defined as follows:

. dk(m,n) « . d
vvm,n[wm,n] = B{nJrn Wﬂ (k(m))wm,n [Hf’ k(m,n)]a(k(n))- (61)
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Furthermore for wyq : [0, 00) — C we define using the operator calculus Wy o := wo o[ H]
(m =n =0). Here we are using the notation

kany = (kyo o k) €RM a* (k) =10, a* (k). (6.2)
Koy = kamys k) kg =TT, ki T, &k, (6.3)
Ik(m.n)| = |k(m)| : |£(n)|’ |k(m)| = |k1| e |km|v (64)

where a* (k) stand for a (k) either or a*(k). The notation Wn.n[wp n] stresses the dependence
of Wm,n on Wy . Note that W(),o[U)(),o] = wo’()[Hf].

We assume that, for every m and n with m + n > 0 and for s > 1, the function
Wy nl7, s kgnmy] 1s s times continuously differentiable in r € I, for almost every kg, ) €
B;"*”, and weakly differentiable in &, ) € B;”*”, for almost every r in /. As a function of
k(mn ny, it is totally symmetric w.r.t. the variables k) = (ky, ..., k,) and lz(n) = (121, e 12,1)
and obeys the norm bound

lwmnlls =Y 19} W all < 00, (6.5)
n=0
where > 0, s >0 and
”wm,n”u ‘= max sup ||kj|7ﬂwm,n[r; k(m.n)]|~ (66)

rel ko neB)t"

Here and in what follows k; € R? is the j-th 3-vector in K, ) over which we take the supre-
mum. For m 4+ n = 0 the variable r ranges over [0, c0) and we assume that the following
norm is finite:

llwo.ollu.s = Two,0(0)] + Z sup 97 wo,0(r)]. (6.7)

l<n<s rel0,00)

(This norm is independent of ., but we keep this index for notational convenience.) The
Banach space of functions w,, , of this type is denoted by W

m,n*

We fix three numbers i > 0,0 <& < 1 and s > 1 and define the Banach space

WWHS = Wéw = @ W’ln‘,‘w (6.8)
m+n=>0
with the norm
||w||/l.,s,§ = Z i:_(m-*—n)”wm,n ”p,,s < 0. (6.9)
m+n=>0

Clearly, W, C W if 1/ > pu,s' > s and ' <&.

Let x;1(r) = xr<1 be a smooth cut-off function s.t. x; =1 for r <9/10,=0 for r > 1
and 0 < x;(r) < I and sup|9; x;(r)| <30 Vr and for n =1,2. We denote x,(r) = xr<, 1=
X1(r/p) = Xrjp<1 and x, = Xn,<p-

The following basic bound, proven in [2], links the norm defined in (6.6) to the operator
norm on B[F].
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Theorem 6.1 Fixm,n € Ng such that m+n > 1. Suppose that w,, , € W,’,ﬁ:i, andlet W,, , =
Wonlwn.n] be as defined in (6.1). Then for all > > 0

“ (Hf + A)—)n/Z Wm,n(Hf + k)7’1/2 || = ”wm,n ”0» (610)
and therefore
p(m+n)(l+lt)
WVH n S m,n ’ 6.11
[ %Wty | < ==l (6.11)
where || - || denotes the operator norm on B[F].

Theorem 6.1 says that the finiteness of |w,, ,|lo insures that W, , defines a bounded
operator on B[F].
With a sequence w := (W n)m+n=0 in WH* we associate an operator by setting

H(w):=Woolwl+ Y xiWaalwlx (6.12)

m+n>1

where we write W,, ,[w]:= W,, ,[w,,»]. The r.h.s. of (6.12) are said to be in generalized
normal (or Wick-ordered) form of the operator H(w ). Theorem 6.1 shows that the series in
(6.12) converges in the operator norm and obeys the estimate

[ H(w) — Woolw)|w, | (6.13)

0,87

for arbitrary w = (Wy.n)m+n>0 € W0 and any pu > —1/2. Here w; = (W »)m+n>1. Hence
the linear map

H:w— H(w) (6.14)
takes W into the set of closed operators on Fock space . The following result is proven

in [2].

Theorem 6.2 Forany p >0and 0 <& < 1, the map H : w — H(w), given in (6.12), is
injective.

Furthermore, we define the Banach space

Wi = @ Wi, (6.15)
m+n=>1
to be the set of all sequences w; := (Wy n)m+n>1 Obeying
Iy s =Y & wy ull.s < 00. (6.16)
m+n=>1

We define the spaces Wit = HWHY), WS = H(Wf“) and WHS .= H(OWV*S),

L,op mn,op * mn
Sometimes we display the parameter £ as in W), ", := H(W}""). Theorem 6.2 implies that
Wiyt = H(W"?) is a Banach space under the norm || H(w)|lu5.¢ = | W [l,0.5,¢. Similarly,
the spaces W' ;fp and W', are also Banach spaces in the corresponding norms.

In this paper we need and consider only the case s = 1. However, we keep the more
general notation for convenience of references elsewhere.
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7 The operator R ,;(H, — 1)
In this section we give a detailed description of the family of operators H,; :=R,;j(H, —

A)IRan(p,;@1) (see Theorem 5.1). Here, recall, that P,; denotes the projection on the particle
eigenspace corresponding to the eigenvalue A ;. We define the following polydisc in W)

D (@, B,y) = {H(w) e Wi [ o O)] <,

sup [8,100(r) = 11 = B, e <7}, (.1)
rel0,00)
for «, B, ¥ > 0. Recall that w; := (W, »)m+n>1. In what follows we fix the parameter £ in

(7.1)as & =1/4.

Theorem 7.1 Let H, be a Hamiltonian of the class G H, defined in Sect. 4 with . > 0. We
assume that §; > 0. Then for g < p <min(x;,1/2) and X € Q;,

Hyj—p~'(h; — 1) € D" (a, B.y), (7.2)
where a = 0(g*p"~%), B=0(g*p""), y = O(gp").

Note that if w;p ) is an eigenfunction of H pe With the eigenvalue A; and ¥; := 1//1(.” '®Q,
then we have
Aj—h=(H, — Ay,

J

The proof of Theorem 7.1 follows the lines of the proof of Theorem IV.3 of [26]. It is
similar to the proofs of related results of [11-13]. However, there are a few differences here.
The main ones are that we have to deal with unbounded interactions and, more importantly,
with momentum-anisotropic spaces. Since the proof of Theorem 7.1 is technically rather
involved, it is delegated to an Appendix B.

8 Spectrum of H,

In this section we describe the spectrum of the operator H, € GH,, defined in Section 4.
We begin with some definitions. Recall that D(A,r) := {z € C||z — A| < r}, a disc in the
complex plane. Denote D := D*!'(a, 8, y) with , 8,y <« 1 and let D, := D*'(0, 8, y)
(the subindex s stands for ‘stable’, not to be confused with the smoothness index s which in
this section is taken to be 1). For H € D we denote H,, := (H)q and H; := H — (H)q1 (the
unstable- and stable-central-space components of H, respectively). Note that if H € D, then
H; € Dy.

Recall that a complex function f from an open set D in a complex Banach space B is said
to be analytic iff VH € D and V&€ € B, f(H +t£) is analytic in the complex variable t for ||
sufficiently small (see [15]). (One can show that f is analytic iff it is Gateaux-differentiable
([15, 37]). A stronger notion of analyticity, requiring in addition that f is locally bounded, is
used in [37].) Furthermore, if f is analytic in D and g is an analytic vector-function from an
open set 2 in C into D, then the composite function f o g is analytic on 2. In what follows
B is the space of H;-bounded operators on F.

Our analysis uses the following result from [26]:
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Theorem 8.1 For «, 8 and y sufficiently small there is an analytic map e : Dy — D(0, 4a)
s.t.e(H) e R for H= H* and for any H € Dy, 0 (H) C e(H) 4+ S, where

|
S::{weﬁc’|lmw|§§Rew}. 8.1)

Moreover, the number e(H) is an eigenvalue of the operator H .

Let H, be in the class GH,, defined in Sect. 4 with ;& > 0 and let H;; be the operator
obtained from H, according to Theorem 5.1. By Corollary 5.3, for z € Q;, we have that z €
o (H,) if and only if O € o (H;) and similarly for point and essential spectra. By Theorem
71,YVze Q;,H;; € D (a, B,8) witha = 0(g%p™"), B= 0(g?) and y = O(gp*), where
p satisfies g < p <min(k;, 1/2). Since by our assumption g < 1, we can choose p so that

g gt < 1. (82)

In this case the condition of Theorem 8.1 is satisfied for H,;; € D;. Therefore it is in the
domain of the map e : Dy — C described in Theorem 8.1 above and we can define

©;j(2) ;== E;(z) +e(Hy), (8.3)

where E;(z) := H_j, = (2, H;;Q2) and z € Q. Let I', be the unitary dilatation on F defined
by

I,=Us(—Inp) (84
where Uy (—In p) is defined in Sect. 3. Our goal is to prove the following
Theorem 8.2 Let the Hamiltonian H, be in the class G H, defined in Sect. 4 with p > 0
and let infy> 8; > 0. Then for g K «;,

(i) The equation ¢;(e) = 0 has a unique solution e; € Q; and this solution obeys the
estimate le; — A ;| < 15a;
(i) e; is an eigenvalue of H, and

1
G(Hg)ﬂQjC{ZEQj ERG(Z_ej)ZHm(Z_ejN}; (8.5)
(i) If ¥; is an eigenfunction of the operator H,,; corresponding to the eigenvalue 0, then
the vector

W, = Q0 (H, — ;)T #0, (8.6)

where  and Q, (H) are defined in (5.4) and (A.1), respectively, is an eigenfunction of
the operator H, corresponding to the eigenvalue e;.

Proof In this proof we omit the subindex j. (i) Since e : Dy — D(0, 4«) is an analytic map,
7z — H. is an analytic vector-function and z — E(z) is an analytic function on Q", by
Theorem 5.1, we conclude that the function ¢ is analytic on Q. Here Q™" is the interior
of the set Q.

Furthermore, the definitions (8.3) and A¢E(z) := E(z) — p~ ' (A — z) (remember that in
this proof A = A;) imply that 9(1) = AgE(X) + e(H,y).
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We have, by Theorem 7.1, that |AgE(1)| < «. Hence |¢(1)| < S5c. Furthermore since Q
is inside a square in C of side §/3, we have, by the Cauchy formula, that

[0 AgE(2)| <a(3/8)" form =0,1 8.7
(remember that in this proof § = §;). Similarly we have:
|0.¢(H (2),)] < 4a(3/8)7". (8.8)
The last two inequalities and the equation AgE(z) := E(z) — p~ (A — z) give
[0,0(z) + 1] < 15a/6. (8.9

Hence by inverse function theorem, for « sufficiently small the equation ¢(z) = 0 has a
unique solution, e, in Q and this solution satisfies the bound |e — A| < 15¢.

(ii) By Theorem 8.1, ¢(z) is an eigenvalue of the operator H, = E(z) + H,,;. Hence 0
is an eigenvalue of the operator H,. By Corollary 5.3, z is an eigenvalue of H, <> 0 is an
eigenvalue of H. Hence e is an eigenvalue of the operator H,.

Next, by Corollary 5.3, we have for any z € O

z€0(Hy) < 0€0o(H,). (8.10)

Due to Theorem 8.1 we have that o (H,) = E(z) + 0 (H,) C E(z) +e(Hy )+ S =9(2)+ S,
where the set S is defined in (8.1). This together with (8.10) gives z € 6 (Hy) N Q <> ¢(z) €
—Sor

c(H)N Q=9 '(=5). (8.11)

Now the second part of the proof will follow if we show that ¢~!(—S) is a subset of the
r.h.s. of (8.5). Denote 1 := 7z — e and let

1
|Im,u|>§|Reu,|. (8.12)
Let w := —¢(z). Using that ¢(e) = 0 and the integral of derivative formula we find
p(2) =(z—e)g(2) (8.13)

with g(z) := fol @(e + s(z — e))ds. This gives
|[Imw|=|RegImu + ImgRe u|. (8.14)

Now, the definitions (8.3) and A¢gE(z) := E(z) — p~' (A — z) (remember that in this proof
A =) imply that

0,0(z2) =—14+0,A0E(2) + d;e(Hy). (8.15)
This, the fact that 7 := e + s(z — ¢) € Q and (8.7) and (8.8) give

|[IReg(@)|>1—0(x) and |Img(2)| < O(x). (8.16)
Relations (8.14) and (8.16) imply the estimate

[Imw| > (1 = O(e))[Im | — O ()| Re
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which together with (8.12) gives
1 3
|Imw|2Z(l—O(U))HmMH‘g(l—0(05))|R€M|- (8.17)

Similarly, we obtain

|[Rew| =|RegReu —ImgImu|
<14 O0())|Repu|+ O(x)|Im |- (8.18)

The last two relations imply |Imw| > %lRe w| and therefore w ¢ S or what is the same
2g e (=S).

Now let Reu < 0. Then (8.15)—(8.16) imply that Rew = —RegRepu +ImgImu =
(=14 O(a@))|Reu| + O(aeImp). Thus, Rew = (—1 + O())|Re p|, provided |Imp| <
|Re 14|. Hence also in this case we have z & ¢~ ! (—S). Thus we conclude that ¢~!(—S5) is a
subset of the set on the r.h.s. of (8.5), as claimed.

(iii) Finally, the last part of the theorem follows from Theorem A.1(iii) of Appendix A.
Theorem 8.2 is proven. O

9 Proof of Theorems 1.1 and 1.2

We begin with the proof of existence and properties of the ground state. Note that the gener-
alized Pauli-Fierz Hamiltonian HgP F, givenin (2.9), is of the class GH,,, i1 > 0 (see Sect. 4)
and is self-adjoint. The operator HgP P g « Ky, clearly satisfies the conditions of Theorem
8.2 with j = 0. Hence it has a ground state for g < ko with all the properties stated in The-
orem 8.2. Moreover, the particle Hamiltonian H,' " entering H," is self-adjoint which im-
plies that the constant k, defined in (5.3), is ko = dist(o(HlfFlRMﬁpO), Q;) > 80/2. Here,
recall, o := dist(A,, O'(H; Fy/ {Ao}), where A is the smallest eigenvalues of the operator
H : F . This implies the existence and properties of the ground state for HgP Fle <.

Now, H ; F=H »+ 0(g?) (see (2.10)). Hence, since we assumed that the eigenvalues
of H, are non-degenerate, the eigenvalues A ; of the operator H : F labeled in order of their

increase satisfy A ; = e;” '+ 0(g?), where, recall, "

J
given in (1.2). Therefore 8§y = eéZﬁ, (eé" )) + 0(g?), where, recall,

are the eigenvalues of the operator H),

(p) . i » _ Py, - _(p) _(p)
€p(V) :=minfle;”" — €[ i # j, 7, €7 <v}.

Consequently, g < €sh),(e.”) implies g < ko and therefore, since H S is unitary equivalent

to H, gM , this proves the part of the statement of Theorem 1.1 concerning the ground state.

Note that the energy of the found ground state solves the equation gy(€) = 0 (see (8.3)
for the definition of ¢; (¢€)).

Now we prove Theorem 3.1 which implies the part of the statement of Theorem 1.1 con-
cerning the excited states and Theorem 1.2. Let H, := ¢’ H/;f where H})" is the complex
deformation of the Hamiltonian H: F defined in Sect. 3. The Hamiltonian H, belongs to
the class G H,, with i > 0. We will assume 0 < Im6 < min(6y, 7 /4), where 6, is defined in
Condition (DA) of Sect. 1, Ref# =0 and g < min(k;, eéﬁ},(u)), where «; is defined in (5.3).

Let H" and H,;[ be the particle Hamiltonians entering H," and H,,", respectively.
We show that the condition inf,>o8; > 0 of Sect. 5 is satisfied in the present case, provided
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J = J), with v < info,(H,), and g K 6%;(11) Here, recall, j(v) := max{; : €;

and ega,,(v) is defined above. To do this we note first that, since H, PF =H,+ O(gz) we
have v < inf o, (H PFY for g sufficiently small. Furthermore since we have chosen Re6 =0
and since the eigenvalues A ; of the operator H,,, := e’ H [ satisfy 1; = e?e ", where /"

are eigenvalues of the operator H ", we have that

() < \)}

8; =dist(e] ", (a(H ) {e] ™D + e "RH).

Recall the expression H]f’gF = —1e % A+ V,p and recall that Vs = Vy + O(g?) and that V,
is A-compact, by Condition (V), which implies the A-compactness of V in the one particle
case, and Condition (DA), which implies the A-compactness of Vj in the one particle case.
Then by the Balslev-Combes-Simon theorem, we have that H ;@F has no complex eigenval-

ues in the domain {Re z < v} and therefore its eigenvalues € }D F.j < j(), coincide with the
eigenvalues of the operator H,'" which are < v. Hence we have that

8; =min(dist(e] ", o (H ") /(e[ "}), (€[] — /) tan(Im6)).

Since the eigenvalues 6;” )

infy>06; > 0.

are simple, we have that €/’ = e}” ) + 0(g? and therefore

Thus, for any j < j(v), the operator H,(:= eeHg’;F), g < min(k;, e;fa’; (v)), satisfies the
conditions of Theorem 8.2. This implies that HgI;F, g < min(k;, eg(ﬁl), (v)), has an eigenvalue
€; € e’ Q; and that the spectrum of H})" near /" = ¢™1; is of the form

o(HyH)Ne’Q; C {z ee?Q; ’ Re(e’(z —€;)) > [ Im(e’ (z — e,))|} 9.1)
Here Q; is given in (5.2) and can be rewritten in the present special case as
1 1

Q= {z € c‘ Re(e’(z—€f")) < gaj and [Im(e’(z — €] "))| < 35,-}. 9.2)

Moreover, ¢’¢; is the unique solution to the equation ¢;(€) =0 and €; — €/'" as g — 0.

Let ¢;(€,0) = ¢, (€) be the function constructed in (8.3) for the operator Hy := e’ H}," .
It is not hard to see that ¢, (e, 8) is analytic in 6. Since by Theorem 8.2 ee j is a unique
solution to the equation ¢; (€, ) = 0 we conclude that €; is analytic in 6 (in the degenerate
eigenvalue case, a fractional power of 6). On the other hand, by (3.4), €; is independent of
Re6. Hence it is independent of 6.

The eigenvalue €, is always real and therefore is the eigenvalue also of H: F. This is
the ground state energy of H gP . For j > 0 the eigenvalue € ; can be either complex or real,
i.e. either a resonance or an eigenvalue of H; F_(If the (FGR) condition is satisfied then
Ime; <O for j # 0 and, in fact, Ime; = —)/_,»g2 + O(g*) for some y; > 0 independent of
g,see[13].) (In the degenerate case, the total multiplicity of the resonances and eigenvalues
arising from e? i F is equal to the multiplicity of €7F.)

Thus, since the r.h.s. of (9.1) C §; = S« defined in (1.8), we have proven all the state-
ments of Theorem 3.1, but under the stronger assumption g < min(x;, eéap(v)) Now we
relax this assumption.

Define 8% :=dist(e/", o (H/")/{e"}). The following proposition states that the restric-
tions g <« 8# and |Im6| < 8# 1mply the restriction g < «;. Recall that «; and §; are defined
in (5.3) and (5.1), respectlvely
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Proposition 9.1 Assume that |Im6| < 8?. Then there is a numerical constant ¢ > 0 s.t.
Kj> C(Sftan(lme).

Proof Observe first that this proposition concerns entirely the particle Hamiltonian H,,, :=
¢’ H " In its proof we omit the subindices p and g.

First we estimate §; in terms of (Sj.*. We assume Re & = 0. By the definitions of §; and of
H :=¢"H'" we have §; =dist(e/", o (H") /{e}} + ¢ 'R¥). Since o (H,") = {e/F} U

e~ 2RT, this gives
8; = min[dist(e/", o (H"") /{e]"}), dist(e] ", €]F, + e 'RF)]
which can be rewritten as
8= min(§*, (efF - ef_Fl)tan(ImQ)). 9.3)

This, in particular, gives 8? >§; > (Sf tan(Im6).

Now we estimate the norm on the rh_s of (5.3). We begin with the case of § = 0. In what
follows A € Q; is fixed. First, we write P; = P_; + P.;, where P_; := ij Piand P, :=
13 _ Pi.Here, recall, P; are the eigenprojections of H := e’ HP'T corresponding to the

eigenvalues ;. Since (H —1)"'P_; = i — A)7'P;, we have |(H —A)7'P_j| <
C(min; . [A; — A ~!. To estimate the r.h.s. of the above inequality we write for A € Q j

min |A; — A| > min|Im(X; — )|
i<j i<j

> min |Im(4; — 4| — [Tm(k; — ).
i<j

By the definitions of §; and Q; (see (5.1) and (5.2)) and by (9.3), we have |Im(A; — 1)| <
%Sj < %(e;’F —effl)tan(lme)). On the other hand, |Im(A; — 1;)| = (efF — €Ty sin(Im@).
Hence

1
min |A; — A| > (gj’.’F — e/’,’_Fl (sin(lm@) — gtan(lm9)>.
i<j

For 0 <Imé < 7/3, this gives min; _; [A; —A| > %8? sin(Im#@) forany A € Q;. This, together
with the estimate derived above, yields

ICH = 2)~"P<jll < C (87 sin(Im6))~". (9.4)

To estimate (H — A)~! P.. j we write it as the contour integral

1 _
(H—1)"Pj=—¢" ?ﬁ (HET —2) '@ —e "0 dz, 9.5)
2771 r
where the contour I is defined as T" := p + iR, where p := iefF + %e;’fl.

Next, expanding e*’ V, (¢’ x) in 6, we have H/' ¥ = ¢ HPF 4+ 0(0). Hence for | Imf| <
inf,er dist(z, o (H,'F)) and Re§ = 0, this gives

I(HS" =27 <2l HPT — 27| <2/dist(z, o (e H™T)).
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Again, by HI'T = ¢ HPT + O(9) and the condition || < inf,cr dist(z, o (HfT)), the
spectrum of e~ HPF is at the distance < inf,cr dist(z, o (H}")) from the spectrum of
HPT . Using these estimates and using (9.5), we obtain

I(H—=2)""Pjll < %f [dist(z, o (HY ") 7'z — e 2| 'dz. (9.6)
T

We estimate the integrand on the r.h.s. of the above inequality. We have for A € Q;

le?z — Al > sup(le?z +5 — Aj| — [A; — s — A]).

5>0

For z € ', we have infg e’z +5 — ;| = |z — /" | = 1 FErf, —€erM)? + (Imz)*]' 2,
Moreover, the definition of Q; and (9.3) imply that SUPc; infig|A; —s—A| < %b‘j < %8;’.
Combining the last three estimates we obtain '

1
: ) #
Alean/ le z—k|z§(8j+|lmz|). 9.7

Next, we have for z € T, dist(z, o (Hy'F)) = [(e[f}, — (e E 4 + 3 €ff))? + (Imz)?]"/2 =
[t i(€ff —€PM)? + (Imz)*]'/2, which gives

dist(z, 0 (Hy' ")) > é(aj‘ + [Imz]). 9.8)
If | Im 6| < 8%, then estimates (9.6)~(9.8) give
ICH =)' Pyl < CH 7 9.9)
This together with the estimate (9.4) yields
I(H —3)7" < C(8* sin(Im )~

This gives the desired estimate of the norm on the r.h.s. of (5.3) for § = 0.

Now we explain how to modify the above estimate in order to bound the norm on the
r.h.s. of (5.3) for 8 > 0. First we recall the definitions H® := ¢~% He? and PJ‘-S =eYPje’
with ¢ = §(x). By a standard result, for § sufficiently small,

O‘(HB) N{Rez <v}=0(H)N{Rez <v}.

This and the boundedness of P]‘? show that the estimate (9.4) remains valid if we replace the
operators H and P_; by the operators H® and P’ .

Now to prove the estimate (9.9) with the operator H replaced by the operator H® we
use in addition to the estimates above the estimate ||R%(z)|| < 2||R(z)| for z € T which is
proven as follows. By an explicit computation, H® = H + W, where

Wi=e’(—Vp-V -V -Vo—|Vp?.
Hence for small § (recall that ¢(x) := §(x)) the operator H® is a relatively small pertur-

bation of the operator H. In particular, for z € I', |R(z) W] < Cé < 1/2 and R%(z) :=
[1 — R(z)W]™'R(z), where R(z) = (H,, —2)~" and R’(z) = (H}, — z)~". Using the last
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two relations we estimate || R%(z)|| < 2||R(z)|| for z € T'. This, as was mentioned above, im-
plies the estimate (9.9) with the operators H and P- ; replaced by the operators H® and Pfj.
This completes the proof of the proposition. |

Since /" = e](.p) + 0(g?), we have that 6? >elh) () — 0(g?) for j < j(v) :=max{j :
e](.p ) < v}. Therefore the restriction g < min(k i e,ﬁ,ﬁ:}, (v)), used above, is implied by the
restriction

g el (v),

imposed in Theorem 3.1. As was mentioned in Sect. 3, Theorem 3.1 and the Combes argu-
ment presented in the paragraph containing (1.6) imply Theorems 1.1 and 1.2, provided we
choose 6 to be g-independent and satisfying 0 < Im6 <« eéﬁ,), (v). This completes the proof
of Theorem 1.1.
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Appendix A: The Smooth Feshbach-Schur Map

In this appendix, we describe properties of the isospectral smooth Feshbach-Schur map
introduced in Sect. 5. In what follows H, = Hy, + I, € GH, and we use the definitions of
Sect. 5.

We define the following maps appearing in some identities below:

Qr(Hy — 1) i=7 —7(Hz —A) " '7l,7, (A.1)
O (Hy — 1) :i=m —wl,m(Hy — 1) '7. (A2)

Note that O, (H, — A) € B(Rann, H) and Q% (H, — ) € B(H,Ran).
The following theorem, proven in [5] (see [29] for some extensions), states that the
smooth Feshbach-Schur map of H, — A is isospectral to H, — A.

Theorem A.1 Let H, = Hy, + 1, satisfy (5.6). Then, as was mentioned in Sect. 5, the smooth
Feshbach-Schur map F; is defined on Hy, — A and has the following properties:

() rep(Hy) < 0€p(Fr(Hy —A)), i.e. Hy — ) is bounded invertible on 'H if and only if

F;(H, — ) is bounded invertible on Rany;

(i) If v € H\ {0} solves Hy\yr = A then ¢ := x ¥ € Ranm \ {0} solves F, (Hy —\)¢ =0,

(iii) If ¢ € Rany \ {0} solves F,(H, — A)p =0 then ¢ := Q,(H, — A)p € H \ {0} solves
Hyy =295

(iv) The multiplicity of the spectral value {0} is conserved in the sense that dim Ker(H, —
A) =dimKerF; (H, — 1);

(v) If one of the inverses, (Hy — M lor Fo, (Hy — X)~L, exists then so does the other and
these inverses are related by

(Hy =)' = Qn(Hy — W) Fr (Hy — ) ' Qn (Hy = M + 7 (Hz —2) 7', (A3)
and

Fr(Hy =)' =m(Hy —0)'w + 7 (Hog — 1)~ '7.
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Appendix B: Proof of Theorem 7.1

In this appendix we prove Theorem 7.1. As was mentioned in Sect. 7, the proof follows the
lines of the proof of Theorem 4.3 of [26] (cf. Theorem 3.8 of [S] and Theorem 28 of [30]). It
is similar to the proofs of related results of [11, 12]. We begin with some preliminary results.

Recall the notation H, = Hy, + I, (see (4.1)). According to the definition ((5.7)) of the
smooth Feshbach-Schur map, F;;, we have that

Fy(Hy =) = Hog — h+ 7w — 1,7t (Hog — h + 7, 7) 7. (B.1)

Here, recall, 7 = w[H/] is defined in (5.4) and # = 7 [Hy] :=1— 7w [H[]. Note that, due to
(5.19), the Neumann series expansion in 77 [, 7 of the resolvent in (B.1) is norm convergent
and yields

Fo(Hy = 3) = Hog =0+ > (=D ' w, ((Hog — 2)7'721,) "', (B.2)
L=1

To write the Neumann series on the right side of (B.2) in the generalized normal form we
use Wick’s theorem, which we formulate now.

We begin with some notation. Recall the definition of the spaces G H," in Sect. 4. For
Wi € GHY" of the form (4.3), we denote W,, , = W, ,[w], where w 1= (Wy.n) 1<m+n<2
with w,, , satisfying (4.4) (not to confuse with the definitions of Sect. 6). We introduce the
operator families

dX( )
Wyt Twkonm ] 52/ ——a* (x(p)
Peq B4 1|12
X Wit p.ntg [Komy» Xy Koy gy |a(Feg), (B.3)

for m +n >0 and a.e. kg, € B]'"". Here we use the notation for x(,.4), X(»), (), €tc.
similar to the one introduced in (3.2)—(3.4). For m = 0 and/or n = 0, the variables kg,
and/or /E(o) are dropped out. Denote by S,, the group of permutations of m elements. Define
the symmetrization operation as

1 - -
w’(:?/’T) [k(m,n)] = W Z Z Wim,n [kzr(l), cees kn(m); kﬁ(1)7 ey kﬁ(n)]- (B4)
T weSy wes,

Finally, below we will use the notation

Sk = kil + -« + [kl (B.5)
k) = (ki) ek e k= (k) k). (B.6)
re:= 2k, 14+ SIkG, )1+ Bk, 1+ + Sk, 1, (B.7)
Foi= Blki) 14+ BTk 1+ Zlki,t )1+ -+ + ZLkG, )1, (B.8)
withr, =0ifny =---ne_y =mey =---mp =0 and similarly for 7, and m; +--- +m =

M,n1+~--+nL=N.
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Theorem B.1 (Wick Ordering) Let W,,, € GHIT",m +n>1and F; = Fi[Hy],j =
0,..., L, where F;[r] are operators on the particle space which are C* functions of r and
satisfy the estimates ||(p)~*""F;[r1(p)™"|| < C for n=0,1,2. Write W := > min=1 Wn
with Wy, , := Wy, p[wy.n]. Then

FoWEW - -WF,_ \WF,=P,; @W, (B.9)

where W := W[ wl,w:= (Ngf,yx YMaN=0 With W wM N given by the symmetrization w.r.t. ko
and k(N), of the coupling functions

Wy, w15 kar,n]

X s e

my+-tmyp =M, P1:91>-PL-9L" (=1 g
ny4-dnp =N mgtpgtngtqp=1

x Folr +Rol(y” @ QWi ki, , 1FilH; +r+F1Wa[k{) )]

(my,ny)
X Fu [Hy+r+7 kP ") & QF, F B.10
L—1[Hy V+VL71]WL[ (mL,,L)]llfj ® Q)FLr +7.], (B.10)
with
Welkonpn ] 7= W LW Ky ) ]- (B.11)

The proof of this theorem mimics the proof of [12, Theorem A.4].
Next, we mention some properties of the scaling transformation. It is easy to check that
S,(Hy) = pHy, and hence

So(x,)=x1 and  p7'S,(Hy)=Hy, (B.12)

which means that the operator H is a fixed point of p’lSp. Further note that E - 1 is ex-
panded under the scaling map, p~'S,(E -1) = p~'E - 1, at arate p~!. Furthermore,

P Sy (Wonnlw1) = Wi [, (w)] (B.13)
where the map s, is defined by s,(w ) := (5, (W n))m+n=0 and, for all (m,n) € Ng,
S0 Wi ) [Konm | = 0" Wi [ 0k oy |- (B.14)
As a direct consequence of Theorem B.1 and (5.7), (B.13)—(B.14) and (B.2), we have

Theorem B.2 Let i € Q; so that Hy — i € dom(R,). Then R,(Hy — 1) |ran(p,e1)

—po_l(A — A) = H(W) where the sequence W is described as follows: w = (u?f,f, N))M+N>0

with w[(lfI}N)’ the symmetrization w.rt. k™ and k™) (as in (B.4)) of the kernels

@M.N[V; k(M,N)]
o0

:pM+N—1 Z(_l)L—l
L=1
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LT x AlEes)

myemp =M, P1.d1-PLAL =1 e
ny+-+tnp =N my+petng+qp=1
X Vm.p,n.q[r; k(M,N)]7 (BlS)
for M + N > 1, and
=) L
oolrl=r+p7 Y (=D 3" T Vooqlr] (B.16)
L=2 P1:41:-PL-9L" =1
petqp=l
for M =N =0.Herem, p,n,q:=(my, p1,n1,qi, ..., mr, pr,nr,qr) € N, and

Vinpng [ ko] = (" ® Q. g Fol Hy + 1]

L
x ]‘[{Wl ok VFIH, +r]]1//(1’>®9) (B.17)

=1
with M :=my~+---+mp, N:=n;+---+np, F[r] := Py; ® x1[r +7¢], for £ =0, L, and

Flrl:=7lo(r + )P (Hpe + pr +70) — 1), (B.18)

for£=1,..., L — 1. Here the notation introduced in (B.3)-(B.8) and (B.11) is used.

We remark that Theorem B.2 determines w only as a sequence of integral kernels that
define an operator in B[F]. Now we show that € WS i.e. ||| ,.s.6 < 0o.In what follows
we use the notation introduced in (B.3)—(B.8) and (B.11). To estimate w, we start with the
following preparatory lemma

Lemma B.3 Let A € Q;. For fixed L € N and m, p,n, q € N3*, we have V,, , , , € Wiy
and

Ce\*
” Vinpng s EPMHLs(?g) 1_[ ||wmg+pg,ne+lll ”S)) (B.19)
=1

Proof First we derive the estimate (B.19) for u = 0. Recall that the operators VTQ might be
unbounded. To begin with, we estimate

L

|Vinpnalrs k1| < 8" | FolHy + 71| T A (B.20)
=1

where Ay := || W[ ['Ok(mz ne)]F[[Hf + r]||. We use the resolvents and cut-off functions hid-
den in the operators F;[H + r] in order to bound the creation and annihilation operators
whenever they are present in VTQ.

Recall that the operator Fy[H + r] we estimate below depends on A, see (B.18). Now,
we claim that for A € Q;

l(pP*+pH; + 1)F[Hf +r]| <Cp™' (B.21)
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for{=1,...,L —1and |(p|*+ Hy +1)F [Hy +r]|| < C. The last estimate is obvious.
To prove the first estimate we use the inequality (4.2), in order to convert the operator |p|?
into the operator H,:
[P +pHy + DF[H + 1]
<2|(Hpg + p(Hy +1+70) +3) Fo[Hy + 11|

Clearly, it suffices to consider A changing in sufficiently large bounded set. The above esti-
mate gives

l(pP*+ pHy + DF[Hy + 71| <C|F[H; +r]]| +C. (B.22)

If the operator F;[Hy + r] inside the operator norm on the r.h.s. is normal, as in the case
of the ground state analysis, then its norm can be estimated in terms of its spectrum. For
non-normal operators we proceed as follows. Using that 7 [H¢]:= P,; ® xu 2o+ P ®1,
we write

FlHy 47]:= Py @ [Xeop (b +5 = 2) 4+ By @ (Hpg +5— 1), (B.23)

where s := p(Hy +r +7¢), recall, 13,,_,« :=1-P,; and I-_ng = Hpgﬁp. Now, since Re(A; —
A)>—p/2>—s/2for L€ Q; and s > p, we have that A; +5 — A > p/2 for the first term
on the r.h.s. For the second term on the r.h.s., we observe that by the spectral decomposition
of the operator s in (B.23) we have

sup [[(Pp; @ D)(Hpe +s =)' < sup 1Py (Hpg + 1 — 2"l pare- (B.24)
r€Q; r€Qj,1n>0

Since Q; — [0, 00) = Q; and due to (5.3) we have

sup [(Pp; @ D) (Hpg +5 —2) 7| < sup [Py (Hpg — 1)l pare <k ' (B.25)
reQ; XEQI-

Since p < k;, the last estimate, together with the estimate of the first term on the r.h.s. of
(B.23) mentioned above, yields || Fy[H; + r]|| < Cp~' for£=1,...,L — 1. This, due to
(B.22), implies the estimate (B.21).

Next, since W([pk(m ne)] contain products of p; + g, <m, + pe +n, + q, < 2 creation
and annihilation operators (see (B.3) and (B.11) and the paragraph after (4.1)), we have, by
(4.4), (5.20)—(5.23) and similar estimates (cf. (6.10)), that

[T Lok, 200+ 17 < Clwg 1. (B.26)

where m}, :=my + p, and n} := ny + g, and s, := m}, 4+ n, (remember that s, < 2). Conse-
quently,

Ag < Cp7 P w6 (B.27)

Now, since || Fo[H + r]llop < 1 we find from (B.20) and (B.26) that

| Vinopang 75 kot ( )]‘[||wml+,w+qé||‘°) (B.28)
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and similarly for the r-derivatives. This proves the isotropic, (B.19) with © = 0, bound on
the functions V,, . ».4[75 ko, ny1-

Now we prove the anisotropic, i > 0, bound on V,, ,, . 4[7; k(r,wy1. Let @(x) :=8(x) for
§ sufficiently small. Define for ¢ =1,..., L — 1

Ff[Hf +rli=eYFJ[H;+rle’

and

[k(b

(mg.ng)

] =e Y Wg [k((

(myg, W)]ew'

Note that this transformation effects only the particle variables.
Exactly in the same way as we proved the bounds (B.21), with £ =1, ..., L — 1, one can
show the following estimates

l(pP*+ pHy + DF[Hp 471 <Cp™", (B.29)
provided A € Q; and § < §;.

Now, expression (B.17) can be rewritten for any j as

Jj—1
Vinpnglrs kanw] = g" FolHy +r1e? | | {Wf [0k, ) JECLH + r]}

(=1
L
—o 7 ) o~ )
X e ij[pk(,]nj’nj)]Fj[Hf'i‘r] 1_[ {Wl[Pk(ml,n()]Fl[Hf+r]]'
(=j+1

Since, by the definition, the operator Fy[H; + r] contains the projection, P,, we conclude
that the operator Fo[Hy + r]e? is bounded. Hence we obtain for j =1,..., L

j—1 L
[Vinpmaglrs kaem]] < Ce A5 TA2 [T Ae (B.30)
=1 t=j+1

where AY = |W2pk(, , 1FS[Hy + r]|l and A® := ||e=¢ W,[pk{,

(ma.ng JIFe[Hy +r]|l. Fur-
thermore, since Wf[pk((fn)evnﬁ)] contain products of Pe + q¢ < 2 creation and annihilation
operators (see (B.3) and (B.11)), we have, by (4.4), (5.20)—(5.23) and similar estimates (cf.

(6.10)), that

(mg,ng

[ WLk, 1p) ™0l + D02 < Cllwg 11 (B31)

(mg,ng)

and

”e*‘/’ WZ[ kglf’l)[ ni)]<p> @- qe)(l_l + 1) se/2 H =< C|pk(mz nz)lunwmz ”/d ”(O) (B32)
where m), :=m, + p, and n, := n, + g, and s, := m}, + n;,. Consequently,
A = Cp lwpy i llg” and A% < Co" kG, 1 w11 (B.33)
Putting the equations (B.30), (B.33) and (B.27) together we arrive at
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‘ Vm,p,n,q [)"; k(M.N)]’

Cg\*
< () U 2 T sl 30
J

and s1m11arly for the r-derivatives. Since any i, k; is contained, as a 3-dimensional compo-
nent, in k"’ for some j, we find (B.19). |

(mj,nj)

Proof of Theorem 7.1 As was mentioned above we present here only the case s = 1, which
is needed in this paper. Recall that we assume p < 1/2 and we choose & = 1/4. First, we
apply Lemma B.3 to (B.15) and use that ('":p ) <2m*7. This yields

ol =30t () o™

x 2 > H{2””W||wmf+mMWH“’)} (B.35)

my+-tmp =M, P1:491:--PL9L" (=1
ny+-tnp =N 1nz+p[+ng+q[>l

Using the definition (6.16) and the inequality 2p < 1, we derive the following bound for

Q1 = Wy N MN=1s

”il”u,s,g = Z ég- (M+N)|

M+N=>1

< 2p"*! 2L3<2>L > X 2

,0 M+N=>1 my+-+mp=M, P1-91---PL-9L*
ny+etng =N me+1’f+"/+w>1

L
_ 0
x ]_[ {(25)””‘”5 (me+pe+ng+qe) ”warpe,neJrqz ||;)}
(=1

e} Cg L
o ()
n L
: > (Z@@ )(Z(zsﬂ)s—("'”)||wm,n||;?>] :
m+n>1 q=0

0 _ .
Let |w, ”;(L.)E =) = £ ”wm,anf), where, recall, w; := (W ) mn>1 (We introduce
this norm in order to ease the comparison with the results of [5]). Using the assumption

& = 1/4 and the estimate y_|_(26)” <} 77 ((2£)" = ﬁ, we obtain
| @1 llese < 204 252, LB, (B.36)
where
= W i [l (B.37)
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Our assumption g < p also insures that B < % Thus the geometric series on the r.h.s.
of (B.36) is convergent. We obtain for s =0, 1

o0
Z L°*B- <8B. (B.38)
L=1

Inserting (B.38) into (B.36), we see that the r.h.s. of (B.36) is bounded by 16p**!' B which,
remembering the definition of B and the choice £ = 1/4, gives

Bl < 64Cg0" [, | (B.39)

Next, we estimate W, . We analyze the expression (B.16). Using estimate (B.19) with
m =0, n =0 (and consequently, M =0, N = 0), we find

Cg\' £
LI C ) § (Y (B.40
(=1

In fact, examining the proof of Lemma B.3 more carefully we see that the following, slightly
stronger estimate is true

Cg\' &
o7 supla2 Voo lr1] = 120 (S ) TT ol B41)
re =1

Now, using (B.41), we obtain

IO—IZ Z sup|3wa[’]‘

L=2 P1:41+PL-4L" rel
petqp=1

[eS] Cg L
< ps+u Z LS (_) {
L=2 p

00
< ps+p. Z LSDL,
L=2

) k
Z H Wp.q ”u

p+g=1

where D := Cg&p~! 10 w, |10, With, recall, w, := (W n)mtn>1. Now, similarly to (B.38),
using that Y57, L* DL < 12D?, for D satisfying D < 1/2 (recall g < p), we find for s =
0,1

o0
,071 E E sup
L=2 P1.q1.pLar "€
Pet+qe=1

, e 2
3 Vo po4lrl] < 12;#/*(%5”&1 | f;) . (B42)

Next, (B.16) and (B.42) yield
C 2
oato] = 2 (S ) @)
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‘We find furthermore that

Cety o)
sup |a,zz)0,0[r]—1|512;)/”1(—]@1 HL)E) : (B.44)
rel0,00) o '

Now, recall that ||w, ||LO.).§ < C and £ = 1/4. Hence (B.43), (B.44) and (B.39) give (7.2)
with s = 1,0 = 12,0“(%)2, B = 12,0‘““1(%)2 and y = Cp*g. This implies the statement
of Theorem 7.1. O

Appendix C: Background on the Fock Space, etc.

Let b be either L2(R?, C, d*k) or L>(R3, C?, d%k). In the first case we consider b as the
Hilbert space of one-particle states of a scalar Boson or a phonon, and in the second case, of
a photon. The variable k € R? is the wave vector or momentum of the particle. (Recall that
throughout this paper, the velocity of light, ¢, and Planck’s constant, h, are set equal to 1.)
The Bosonic Fock space, F, over b is defined by

F=P s, €1
=0

where S, is the orthogonal projection onto the subspace of totally symmetric n-particle wave
functions contained in the n-fold tensor product h®" of h; and Syh®° := C. The vector Q :=
1652, 0 is called the vacuum vector in F. Vectors W € F can be identified with sequences
()52, of n-particle wave functions, which are totally symmetric in their n arguments, and
Yo € C. In the first case these functions are of the form, v, (k, ..., k,), while in the second
case, of the form v, (k1, A1, ..., kn, Ay), Where A; € {—1, 1} are the polarization variables.

In what follows we present some key definitions in the first case only limiting ourselves
to remarks at the end of this appendix on how these definitions have to be modified for the
second case. The scalar product of two vectors W and @ is given by

(W, ) =) / [Td k0 kdguthi, . k). (C2)
n=0 j=1

Given a one particle dispersion relation w(k), the energy of a configuration of n non-
interacting field particles with wave vectors ki, ..., k, is given by Z'J'.:] w(k;). We define
the free-field Hamiltonian, H, giving the field dynamics, by

(HpW)u(ky, ..o k) = (Zw(k_,')) Un(k, ..o k), (C3)

j=1

forn > 1 and (HfW¥), =0 for n = 0. Here ¥ = (¥,,);2, (to be sure that the r.h.s. makes
sense we can assume that i, = 0, except for finitely many n, for which v, (ki, ..., k,)
decrease rapidly at infinity). Clearly that the operator H; has the single eigenvalue 0 with
the eigenvector 2 and the rest of the spectrum absolutely continuous.

With each function ¢ € b one associates an annihilation operator a(g) defined as fol-
lows. For W = (,,)72, € F with the property that v, = 0, for all but finitely many #, the
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vector a (@)W is defined by
(a@W)n(ky, ... ky) :==~n+1 /dSk(/)(k)l[fn+l(k7kla oo kn). (C4

These equations define a closable operator a(¢) whose closure is also denoted by a(g).
Equation (C.4) implies the relation

a(@)=0. (C5)

The creation operator a*(¢) is defined to be the adjoint of a(¢) with respect to the scalar
product defined in (C.2). Since a(g) is anti-linear, and a*(¢) is linear in ¢, we write formally

a(¢)=/d3kwa(k), a*(¢)=/d3k(p(k)a*(k), (C6)

where a(k) and a*(k) are unbounded, operator-valued distributions. The latter are well-
known to obey the canonical commutation relations (CCR):

[a* k), a* ()] =0,  [a(k),a*(K)]=8 K-k, (C.7)

where a* = a or a*.
Now, using this one can rewrite the quantum Hamiltonian H in terms of the creation
and annihilation operators, a and a*, as

Hy= / d*ka* (K)o (k)a(k), (C.3)

acting on the Fock space F.

More generally, for any operator, ¢, on the one-particle space ) we define the operator T
on the Fock space F by the following formal expression T := f a*(k)ta(k)dk, where the
operator ¢ acts on the k-variable (7 is the second quantization of ¢). The precise meaning
of the latter expression can obtained by using a basis {¢;} in the space b to rewrite it as
T := Zj [a*(@)a(t*¢;)dk.

To modify the above definitions to the case of photons, one replaces the variable k by
the pair (k, ) and adds to the integrals in k also the sums over A. In particular, the cre-
ation and annihilation operators have now two variables: af (k) = a*(k, 1); they satisfy the
commutation relations

[af k), (k)] =0,  [an(k),a}, (k)] =8,.,8 (k — k). (C.9)

One can also introduce the operator-valued transverse vector fields by

a'tky:= Y etk)al k),

re{—1,1}

where e, (k) = e(k, A) are polarization vectors, i.e. orthonormal vectors in R3 satisfying & -
e, (k) = 0. Then in order to reinterpret the expressions in this paper for the vector (photon)—
case one either adds the variable X as was mentioned above or replaces, in appropriate places,
the usual product of scalar functions or scalar functions and scalar operators by the dot
product of vector-functions or vector-functions and operator valued vector-functions.
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Appendix D: Nelson Model

In this appendix we describe the Nelson model describing the interaction of electrons with
quantized lattice vibrations. The Hamiltonian of this model is

H) =H' +17, (D.1)

acting on the state space, H = H, ® F, where now F is the Fock space for phonons, i. e.
spinless, massless Bosons. Here g is a positive parameter—a coupling constant—which we
assume to be small, and

Hy =H) + Hy, (D.2)

where H ,’,V = H, and H are given in (1.2) and (1.4), respectively, but, in the last case, with
the scalar creation and annihilation operators, @ and a*, and where the interaction operator
is 1)) 1= gI with

K(k)d3k —ikx % ikx
I::/ Ve {e kg (k) + &' a(k)} (D.3)

(we can also treat terms quadratic in @ and a* but for the sake of exposition we leave such
terms out). Here, x = « (k) is a real function with the property that

|« (k)| < const x min{l, |k|"}, (D.4)
with u > 0, and
d*k
m|;<(k)|2 < 0. (D.5)

In the following, « is fixed and g varies. It is easy to see that the operator / is symmetric
and bounded relative to H,, with the zero relative bound (see [58] for the corresponding
definitions). Thus H;’ is self-adjoint on the domain of Hj for arbitrary g. Of course, for the
Nelson model we can take an arbitrary dimension d > 1 rather than the dimension 3.

The complex deformation of the Nelson Hamiltonian is defined as (first for 6 € R)

HY :=U,H"U;". (D.6)

Under Condition (DA), there is a Type-A ([50]) family Hg}\é of operators analytic in the
domain | Im#é| < 6, which is equal to (D.6) for § € R and s.t. Hg’\é* =HY

g0’
H)) = Ureo H} 1o Urdy- (D.7)
Furthermore, H, ;g can be written as
Hy=Hy®1;+e¢ 1, Hr + 1}, (D.8)

where HY, := U, HY U, and I}y :== Uy INU; .
In the Nelson model case one can weaken the restriction on the parameter p to p > g2.
One proceeds as follows. Assume for the moment that the parameter XA is real. Then the
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operator R is non-negative and, due to (5.13) and (6.10), with m 4+ n < 1, and the fact that
the operator [ is a sum of creation and annihilation operators, we have

IRy 1Ry || < Cp~'"g, (D.9)

where R(l)/2 := (Hoy — »)~'/*7. Hence the following series

00
SR (6RYLRY) R
n=0

is well defined, converges absolutely and is equal to 7 (Hz — A)~'7. Estimating this series

gives the desired estimate (4.4) in the case of real A. For complex . we proceed in the
same way replacing the factorization Ry = Ré/ 2R(])/ *, we used, by the factorization Ry =

|Ro|">U|Ro|"/?, where | Ry|'/? := | Hyy — A|~'/*7 and U is the unitary operator U := (Ho, —
M) Hog — Al

References

1. Abou Salem, W., Faupin, J., Frohlich, J., Sigal, I.M.: On theory of resonances in non-relativistic QED.
Adv. Appl. Math. (2009, to appear)
2. Amour, L., Grbert, B., Guillot, J.-C.: The dressed mobile atoms and ions. J. Math. Pures Appl. (9) 86(3),
177-200 (2006)
3. Arai, A.: Mathematical analysis of a model in relativistic quantum electrodynamics. In: Applications of
Renormalization Group Methods in Mathematical Sciences, Kyoto (1999) (in Japanese)
4. Arai, A., Hirokawa, M.: Ground states of a general class of quantum field Hamiltonians. Rev. Math.
Phys. 12(8), 1085-1135 (2000)
5. Bach, V., Chen, T., Frohlich, J., Sigal, .M.: Smooth Feshbach map and operator-theoretic renormaliza-
tion group methods. J. Funct. Anal. 203, 44-92 (2003)
6. Bach, V., Chen, T., Frohlich, J., Sigal, .M.: The renormalized electron mass in non-relativistic quantum
electrodynamics. J. Funct. Anal. 243, 426-535 (2007)
7. Bach, V., Frohlich, J., Pizzo, A.: Infrared-finite algorithms in QED: the groundstate of an atom interacting
with the quantized radiation field. Commun. Math. Phys. 264(1), 145-165 (2006)
8. Bach, V., Frohlich, J., Pizzo, A.: An infrared-finite algorithm for Rayleigh scattering amplitudes, and
Bohr’s frequency condition. Commun. Math. Phys. 274(2), 457-486 (2007)
9. Bach, V., Frohlich, J., Pizzo, A.: Infrared-Finite Algorithms in QED II. The Expansion of the Groundstate
of an Atom Interacting with the Quantized Radiation Field, mp_arc
10. Bach, V., Frohlich, J., Sigal, .LM.: Mathematical theory of non-relativistic matter and radiation. Lett.
Math. Phys. 34, 183-201 (1995)
11. Bach, V., Frohlich, J., Sigal, I.M.: Quantum electrodynamics of confined non-relativistic particles. Adv.
Math. 137, 299-395 (1998)
12. Bach, V., Frohlich, J., Sigal, I.M.: Renormalization group analysis of spectral problems in quantum field
theory. Adv. Math. 137, 205-298 (1998)
13. Bach, V., Frohlich, J., Sigal, .LM.: Spectral analysis for systems of atoms and molecules coupled to the
quantized radiation field. Commun. Math. Phys. 207(2), 249-290 (1999)
14. Bach, V., Frohlich, J., Sigal, .M., Soffer, A.: Positive commutators and spectrum of Pauli-Fierz Hamil-
tonian of atoms and molecules. Commun. Math. Phys. 207(3), 557-587 (1999)
15. Berger, M.: Nonlinearity and Functional Analysis. Lectures on Nonlinear Problems in Mathematical
Analysis. Pure and Applied Mathematics. Academic Press, New York (1977)
16. Catto, I., Exner, P., Hainzl, Ch.: Enhanced binding revisited for a spinless particle in nonrelativistic QED.
J. Math. Phys. 45(11), 4174-4185 (2004)
17. Catto, 1., Hainzl, C.: Self-energy of one electron in non-relativistic QED. J. Funct. Anal. 207(1), 68-110
(2004)
18. Chen, T.: Infrared renormalization in non-relativistic QED and scaling criticality. J. Funct. Anal. 254(10),
2555-2647 (2008)
19. Chen, T., Frohlich, J., Pizzo, A.: Infraparticle scattering states in non-relativistic QED, I: the Bloch-
Nordsieck paradigm. arXiv:0709.2493

@ Springer


http://arxiv.org/abs/arXiv:0709.2493

938 I.M. Sigal

20. Chen, T., Frohlich, J., Pizzo, A.: Infraparticle scattering states in non-relativistic QED, II: mass shell
properties. arXiv:0709.2812

21. Cohen-Tannoudji, C., Dupont-Roc, J., Grynberg, G.: Photons and Atoms—Introduction to Quantum
Electrodynamics. Wiley, New York (1991)

22. Cohen-Tannoudji, C., Dupont-Roc, J., Grynberg, G.: Atom-Photon Interactions—Basic Processes and
Applications. Wiley, New York (1992)

23. Faupin, J.: Resonances of the confined hydrogenoid ion and the Dicke effect in non-relativistic quantum
electrodynamics. Ann. H. Poincaré 9(4), 743-773 (2008)

24. Frohlich, J., Griesemer, M., Schlein, B.: Asymptotic completeness for Compton scattering. Commun.
Math. Phys. 252(1-3), 415-476 (2004)

25. Frohlich, J., Griesemer, M., Sigal, .M.: Spectral theory for the standard model of non-relativistic QED.
Commun. Math. Phys. 283(3), 613-646 (2008)

26. Frohlich, J., Griesemer, M., Sigal, I.M.: Spectral renormalization group analysis. e-print, ArXiv (2008)

27. Frohlich, J., Griesemer, M., Sigal, .M.: Spectral renormalization group and limiting absorption principle
for the standard model of non-relativistic QED. In preparation

28. Griesemer, M.: Non-relativistic matter and quantized radiation. e-print, arXiv

29. Griesemer, M., Hasler, D.: On the smooth Feshbach-Schur map. J. Funct. Anal. 254(9), 2329-2335
(2008)

30. Griesemer, M., Hasler, D.: Analytic perturbation theory and renormalization analysis of matter coupled
to quantized radiation. arXiv:0801.4458

31. Griesemer, M., Lieb, E.H., Loss, M.: Ground states in non-relativistic quantum electrodynamics. Invent.
Math. 145(3), 557-595 (2001)

32. Gustafson, S., Sigal, .LM.: Mathematical Concepts of Quantum Mechanics, 2nd edn. Springer, Berlin
(2006)

33. Hainzl, Ch.: One non-relativistic particle coupled to a photon field. Ann. H. Poincaré 4(2), 217-237
(2003)

34. Hainzl, Ch., Seiringer, R.: Mass renormalization and energy level shift in non-relativistic QED. Adyv.
Theor. Math. Phys. 6(5), 847-871 (2003)

35. Hasler, D., Herbst, I.: Absence of ground states for a class of translation invariant models of non-
relativistic QED. Commun. Math. Phys. 279(3), 769-787 (2008)

36. Hasler, D., Herbst, I., Huber, M.: On the lifetime of quasi-stationary states in non-relativistic QED. Ann.
H. Poincaré 9(5), 1005-1028 (2008). arXiv:0709.3856

37. Hille, E., Phillips, R.S.: Functional Analysis and Semi-Groups. AMS, Reading (1957)

38. Hirokawa, M.: Recent developments in mathematical methods for models in non-relativistic quantum
electrodynamics. In: A Garden of Quanta, pp. 209-242. World Scientific, River Edge (2003)

39. Hiroshima, F.: Ground states of a model in nonrelativistic quantum electrodynamics, I. J. Math. Phys.
40(12), 6209-6222 (1999)

40. Hiroshima, F.: Ground states of a model in nonrelativistic quantum electrodynamics, II. J. Math. Phys.
41(2), 661-674 (2000)

41. Hiroshima, F.: Ground states and spectrum of quantum electrodynamics of nonrelativistic particles.
Trans. Am. Math. Soc. 353(11), 4497-4528 (2001) (electronic)

42. Hiroshima, F.: Self-adjointness of the Pauli-Fierz Hamiltonian for arbitrary values of coupling constants.
Ann. H. Poincaré 3(1), 171-201 (2002)

43. Hiroshima, F.: Nonrelativistic QED at large momentum of photons. In: A Garden of Quanta, pp. 167—
196. World Scientific, River Edge (2003)

44. Hiroshima, F.: Analysis of ground states of atoms interacting with a quantized radiation field. In: Topics
in the Theory of Schrodinger Operators, pp. 145-272. World Scientific, River Edge (2004)

45. Hiroshima, F., Spohn, H.: Ground state degeneracy of the Pauli-Fierz Hamiltonian with spin. Adv. Theor.
Math. Phys. 5(6), 1091-1104 (2001)

46. Hiroshima, F., Spohn, H.: Mass renormalization in nonrelativistic quantum electrodynamics. J. Math.
Phys. 46(4) (2005)

47. Hislop, P, Sigal, LM.: Introduction to Spectral Theory. Applications to Schrodinger Operators. Applied
Mathematical Sciences, vol. 113. Springer, New York (1996)

48. Hunziker, W.: Resonances, metastable states and exponential decay laws in perturbation theory. Com-
mun. Math. Phys. 132(1), 177-188 (1990)

49. Hunziker, W., Sigal, LM.: The quantum N-body problem. J. Math. Phys. 41(6), 3448-3510 (2000)

50. Kato, T.: Perturbation Theory of Linear Operators. Grundlehren der mathematischen Wissenschaften,
vol. 132, 2 edn. Springer, Berlin (1976)

51. King, Ch.: Resonant decay of a two state atom interacting with a massless non-relativistic quantized
scalar field. Commun. Math. Phys. 165(3), 569-594 (1994)

@ Springer


http://arxiv.org/abs/arXiv:0709.2812
http://arxiv.org/abs/arXiv:0801.4458
http://arxiv.org/abs/arXiv:0709.3856

Ground State and Resonances in the Standard Model 939

52.

53.

54.

55.

56.

57.

58.

59.

Lieb, E.H., Loss, M.: Existence of atoms and molecules in non-relativistic quantum electrodynamics.
Adyv. Theor. Math. Phys. 7, 667-710 (2003). arXiv:math-ph/0307046

Lieb, E.H., Loss, M.: Self-energy of electrons in non-perturbative QED. In: Conference Mosh Flato
1999, vol. I, Dijon. Math. Phys. Stud., vol. 21, pp. 327-344. Kluwer Academic, Dordrecht (2000)

Lieb, E.H., Loss, M.: A bound on binding energies and mass renormalization in models of quantum
electrodynamics. J. Stat. Phys. 108 (2002)

Loss, M., Miyao, T., Spohn, H.: Lowest energy states in nonrelativistic QED: Atoms and ions in motion
J. Funct. Anal. 243(2), 353-393 (2007)

Miick, M.: Construction of metastable states in quantum electrodynamics. Rev. Math. Phys. 16(1), 1-28
(2004)

Pizzo, A.: Scattering of an infraparticle: the one particle sector in Nelson’s massless model. Ann. H.
Poincaré 6(3), 553-606 (2005)

Reed, M., Simon, B.: Methods of Modern Mathematical Physics, IV, Analysis of Operators. Academic
Press, New York (1978)

Spohn, H.: Dynamics of Charged Particles and Their Radiation Field. Cambridge University Press, Cam-
bridge (2004)

@ Springer


http://arxiv.org/abs/arXiv:math-ph/0307046

	Ground State and Resonances in the Standard Model of the Non-Relativistic QED
	Abstract
	Introduction
	Problem and Outline of the Results
	Standard Model
	Ultra-Violet Cut-Off
	Resonances
	Main Results
	Discussion
	Infrared Problem
	Resonance Poles
	Approach
	Organization of the Paper

	Generalized Pauli-Fierz Transformation
	Complex Deformation and Resonances
	Generalized Particle-Field Hamiltonians
	Elimination of Particle and High-Photon Energy Degrees of Freedom
	A Banach Space of Hamiltonians
	The operator Rrhoj(Hg -lambda)
	Spectrum of Hg
	Proof of Theorems 1.1 and 1.2
	Acknowledgements
	Appendix A: The Smooth Feshbach-Schur Map
	Appendix B: Proof of Theorem 7.1
	Appendix C: Background on the Fock Space, etc.
	Appendix D: Nelson Model
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


